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miṙi(t) 9:6O <
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E$%G' '&8* 7$<%* *+*3 F$% *7&' %':H$ / )',7 7,)#+*7 8&,+,:'% $ )$)*(&$ '(D8+'% .$)$

B'%,9B*+ -* *7&'-$3

F'%' $ )$)*(&$ +,(*'%" *K,7&* ' %*+'GH$ P (t) = Mv(t)3 Q,),+'%)*(&*" -*R(*>7* 8)

)$)*(&$ '(D8+'% &$&'+ L(t) #'%' $ .$%#$ %CD,-$ #*+' *?8'GH$ L(t) = I(t)ω(t)" $(-* I(t)



 !

" #$% $%&'() 3 × 3* +,%$%-% -% &./01' -. (/"'+(%2 3 &./01' -. (/"'+(% I(t) -.0+'.4.

+1$1 % $%00% -1 +1'51 .0&6 -(0&'(7#8-% .$ '.9%:;1 %1 0.# +./&'1 -. $%00%2 3 &./01' I(t)

-.5./-. -% 1'(./&%:;1 -1 +1'51* $%0 /;1 -.5./-. -% 0#% &'%/09%:;12 <1&%=0. >#. 5%'%

%$710 10 +%010* 9(/.%' . %/?#9%'* 1 $1$./&1 " #$% @#/:;1 9(/.%' -% 4.91+(-%-.* 51'"$

/1 +%01 %/?#9%' 1 @%&1' -. .0+%9% " #$% $%&'()* ./>#%/&1 /1 +%01 9(/.%' " #$ .0+%9%'

0($59.02 A%$7"$ 5.'+.7.=0. >#. L(t) " (/-.5./-./&. -. >#%(0>#.' .@.(&10 &'%/09%+(1/%(0*

./>#%/&1 P (t) " (/-.5./-./&. -. >#%(0>#.' .@.(&10 '1&%+(1/%(02

B '.9%:;1 ./&'. L(t) . 1 &1'>#. &1&%9 τ(t) " $#(&1 0($59.0C

L̇(t) = τ(t), DE2FGH

>#. " %/691?% I '.9%:;1 Ṗ (t) = F (t)2

 !"!#!#$ %&'()* +& ,'-*./0

3 &./01' -. (/"'+(% I(t) " 1 @%&1' -. .0+%9% ./&'. 1 $1$./&1 %/?#9%' L(t) . %

4.91+(-%-. %/?#9%' ω(t)2 J$ #$ -%-1 $1$./&1 t* 0.K% r′i % 510(:;1 -% i="0($% 5%'&8+#9%

.$ '.9%:;1 I x(t)* 5.9% -.L/(:;1 r′i = ri(t)− x(t). 3 &./01' I(t) " .M5'.001 .$ &.'$10 -.

r′i +1$1 % $%&'() 0($"&'(+%

I(t) =
n

∑

i=1
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iy + r′2iz) −mir
′

ixr
′

iy −mir
′

ixr
′

iz

−miriyr
′

ix mi(r
′2

ix + r′2iz) −mir
′

iyr
′

iz

−mir
′

izr
′

ix −mir
′

izr
′

iy mi(r
′2
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. DE2FNH

J0&% 01$% 51-.'(% 0.' '.5'.0./&%-% +1$1 #$% (/&.?'%9 +1$5'../-./-1 1 419#$.

-1 +1'512 J$ #$ 5'($.('1 $1$./&1* %5%'./&.$./&. 0.'(% /.+.006'(1 %4%9(%' .0&% 01$%

5%'% %+,%' #$ /141 I(t) 0.$5'. >#. % 1'(./&%:;1 R(t) @1' %9&.'%-%* 51'"$ (0&1 &.'(% #$

+#0&1 +1$5#&%+(1/%9 %9&12 O%'% '.0194.' .0&. 5'179.$% #&(9()%=0. #$ &./01' -. (/"'+(%

5'"=+%9+#9%-1 .$ +11'-./%-%0 '.9%&(4%0 %1 +1'512 J0&. &./01' " +%9+#9%-1 %/&.0 -1 (/8+(1

-% 0($#9%:;1* . % +%-% (&.'%:;1 1 /141 I(t) 51-. 0.' '.+%9+#9%-1 51' D !"!##*  PPFHC

I(t) = R(t)IcorpoR(t)T . DE2FQH

R1$1 Icorpo " .05.+(L+%-1 /1 .05%:1 -1 +1'51* .9. " +1/0&%/&. -#'%/&. % 0($#9%:;12

 !"!#!## 123045&( +& 6)7/8&'9) +& 38 :)*;) <=>/+)

O1' L$* +17.'&10 &1-10 10 +1/+.(&10 >#. -.L/.$ %0 4%'(64.(0 -. .0&%-1* 51-.=0.

-.L/(' 1 4.&1' -. .0&%-10 X(t) +1$1C
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X(t) =













x(t)

R(t)

P (t)

L(t)













. " #$%&

'()*+ ,--./0 + (-1,*+ *( 2/ 3+45+ 467.*+ 8 3+/5+-1+ *( -2, 5+-.9:+ ( +4.()1,9:+

".);+4/,9:+ (-5,3.,<& ( -(2- /+/()1+- <.)(,4 ( ,)72<,4 ".);+4/,9:+ -+=4( >(<+3.*,*(&#

? /,--, M *+ 3+45+ ( + 1()-+4 *( .)843., )+ (-5,9+ *+ 3+45+ Icorpo -:+ 3+)-1,)1(-# ?

@2,<@2(4 *,*+ /+/()1+0 ,- @2,)1.*,*(- ,2A.<.,4(- I(t)0 ω(t) ( V (t) -:+ 3,<32<,*,- 5+4

v(t) =
P (t)

M
; " #B!&

I(t) = R(t)IcorpoR(t)T ; " #B$&

ω(t) = I(t)−1L(t). " #BB&

? *(4.>,*,

d
dt
X(t) 8

d

dt
X(t) =

d

dt













x(t)

R(t)

P (t)

L(t)













=













v(t)

ω(t)∗R(t)

F (t)

τ(t)













. " #B &

 !"!" #$%&'()*+,- ), ./-$0(

CA.-1(/ ,12,</()1( *.>(4-+- -./2<,*+4(- *( ;6-.3, *.-5+)6>(.-0 *()14( (<(- 5+*(D-(

3.1,4 + E2<<(1 " !""#$0 B!$$&0 FGC "%&'$(0 B!!H&0 I,>+J KLM-.3- "()*+,-.+&0 B!$$&0

KLM-N "/*'0')0 B!$$&0 *(-()>+<>.*+- (-5(3.,</()1( 5,4, 2-+ (/ O+7+-#

F /+1+4 *( ;6-.3, KLM-N 8 2/  !"#$%&!' *.-14.=26*+ ( /,)1.*+ 5(<, PQRGR? S+45#

F /+1+4 8 2/, =.=<.+1(3, .)1(74,*, 5,4, -./2<,9:+ ;6-.3,0 32O, 54.)3.5,< >,)1,7(/ 8 ,

5+--.=.<.*,*( *( 21.<.T,4 ,3(<(4,9:+ *( L,4*U,4( ;+4)(3.*, 5+4 V).*,*(- *( K4+3(--,/()1+

W4XY3+ "WKVZ-&# F ,<1+ 5+*(4 *( 54+3(--,/()1+ 5,4,<(<+ *.-5+).=.<.T,*+ 5(<,- 5<,3,-

74XY3,- ,12,.- 5+--.=.<.1, + *(-()>+<>./()1+ *( /+*(<+- 3+/5<(A+-0 /,)1()*+ , -./2<,9:+

(/ 1(/5+ 4(,<#

F /+1+4 KLM-N -25+41,0 ,<8/ *, -./2<,9:+ *( 3+45+- 467.*+-0 1,/=8/ +=O(1+-

*(;+4/X>(.-0 3+/+ 1(3.*+-0 ( [26*+-# F /+1+4 14,1, 1,/=8/ , 3+<.-:+ ()14( 3+45+- ( ,

(A.-1\)3., *( 4(-14.9](- ()14( (<(-0 3+/+ O2)1,-0 3+4*,-0 *+=4,*.9,-0 ()14( +214,-#

'./2<,*+4(- *( ;6-.3, *(*.3,*+- 5,4, O+7+- >\/ -()*+ 21.<.T,*+- 5,4, 34.,9:+ *(

,/=.()1(- >.412,.- ()>+<>()*+ -./2<,9](- *.>(4-,-# ^,3.(< (1 ,<# "B!!%& 21.<.T, KLM-N

.)1(74,*+ _ /(3,).-/+ *( (")*+, -$$./",' 5,4, + *(-()>+<>./()1+ *( 2/ -./2<,*+4
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"#$%$&#"'( )*#+#,-./' 01)0 $1")$0'0 /1 0#2)+-34' /1 *1"#/'0 2'+105 6-.& 1* -+5 789!9:

-;$101.*- )2 ;$'*<*#;' $=;#/' )*#+#,-./' 6>?0@ ;-$- 0#2)+-34' /1 *1"#/'0 2'+10 1

0-.&$-21.*'0( -*$-AB0 /' $10'+A1/'$ /1 C)D/'0 #."+)D/' .- E#E+#'*1"-5

 ! "#$%&'()#'*

F#'21"G.#"- B - 21"G.#"- -;+#"-/- H E#'+'&#-5 I1&)./' 7 !"#( !JJ :( - ;-+-A$-

K21"G.#"-L M'# )0-/- ;'$ N-+#+1) N-+#+1# "'2' 0)E*D*)+' 12 01) +#A$'  !"# $%&"# '()$'("#

7!O P: ;-$- /10"$1A1$ M'$3-( 2'A#21.*' 1 $10#0*Q."#- /'0 2-*1$#-#05 R*$-AB0 /'0 -.'0 10*1

0#&.#S"-/' 01 10*1./1) ;'$ /#A1$0-0 =$1-0 /1 "'.>1"#21.*' 1 -' 10*)/' /1 2'A#21.*'

/1 *'/'0 '0 *#;'0 /1 2-*1$#-#05 R E#'+'&#- .-*)$-+21.*1 *'$.-T01 )2 'EU1*' /1 10*)/'

21"G.#"'( .' 01.*#/' /1 10*)/-$ 0)-0 /#.G2#"-05

R E#'21"G.#"- E)0"- "'2;$11./1$ - 21"G.#"- /1 0#0*12-0 A#A'0( *$-*-./'T01 /1 )2

-00).*' 2'/1$.' "'2 $-D,10 -.*#&-0( 1 V)1 "'E$1 )2 A-0*' *1$$#*<$#' /1 10*)/'5

W2 )2 '$&-.#02'( - E#'21"G.#"- -U)/- .' 1.*1./#21.*' /1 01) "'$$1*'

M)."#'.-21.*'( *-2EB2 .- ;$1A#04' /1 2)/-.3-0 /1A#/' H ;'00DA1#0 -+*1$-3X10( -+B2

/1 ;$';'$ 2B*'/'0 /1 #.*1$A1.34' -$*#S"#-+( "'2' "#$)$&#-0 1 ;$<*10105

 ! !" #$%&'()% *%+',(-./&)%

WY#*12 *$Q0 *#;'0 /#M1$1.*10 /1 2%0")+'0Z 10V)1+B*#"'( "-$/D-"' 1 +#0'5 [0 2%0")+'0

10V)1+B*#"'0 "'$$10;'./12 H 2-#'$ ;-$*1 /'0 2%0")+'0 .' "'$;' >)2-.'( "'.0*#*)#./' 0)-

M'.*1 ;$#2=$#- /1 +'"'2'34'5 [0 2%0")+'0 10V)1+B*#"'0 04' "'.*$'+-/'0 -*$-AB0 /1 .1$A'0

A'+).*=$#'05 \)-./' 04' 10*#2)+-/'0 - )2- M$1V)Q."#- 0)S"#1.*121.*1 -+*-( 1+1 ;'/1

&1$-$ 0)- *1.04' 2=Y#2-( V)1 ;1$2-.1"1 "'.0*-.*1 .' *12;'5 \)-./' #0*' '"'$$1( /#,T01

V)1 ' 2%0")+' 10*= *1*-.#,-/'5 R -*#A#/-/1 /' 21"-.#02' /1 "'.*$-34' B "'.0#/1$-/-

"'2' 2=Y#2- .10*1 10*-/'5

]'2' )2 2%0")+' 12 10*-/' /1 $1;')0' B "'.0#/1$-/' 0#2;+1021.*1 "'2' )2

2-*1$#-+ A#0"'T1+=0*#"' "'2 ;$';$#1/-/10 0#2;+10( ' 10*)/' 2-#0 #.*1$100-.*1 B ' /-0

;$';$#1/-/10 2)0")+-$10 V)-./' ' 2%0")+' 1."'.*$-T01 12 10*-/' /1 "'.*$-34'5 R00#2

01./'( ' 2%0")+' 10V)1+B*#"' B .'$2-+21.*1 10*)/-/' .- "'./#34' /1 *1*-.#,-/'5 [

2%0")+' 0-$*<$#' /1 )2- $4 12 01) "'2;$#21.*' ;-/$4' ;'00)# )2- *1.04' /1 "'.*$-34'

12 *'$.' /1 200kPa 7-;$'Y5 2kgf/cm2
:( ' V)1 B 2)#*' 2-#'$ /' V)1 - *1.04' .' 2102'

"'2;$#21.*' V)-./' 12 $1;')0'5 6'$*-.*'( - *1.04' 12 $1;')0' .4' $1;$101.*- )2

;-;1+ #2;'$*-.*1 .- 21"G.#"- /1 )2 2%0")+' 10V)1+B*#"'5

 ! !0 1/234%

^#E$-0 1 10*$)*)$-0 SE$'0-0 /1012;1.>-2 )2 ;-;1+ #2;'$*-.*1 .-0 ;$';$#1/-/10

21"G.#"-0 /1 *1"#/'05 W0*$)*)$-0 SE$'0-0 10*4' ;$101.*10 12 V)-01 *'/'0 '0 *1"#/'0

>)2-.'05 ^#E$-0 04' "'$;'0 -+'.&-/'0 1 /1+&-/'0 V)1 ;'00)12 )2- "-;-"#/-/1 /1 "-$&-
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"#$%&'% (# )#&*# +% ",( +-.%/0#1 2#&3#.$% 4#$%&" % 5((-6%&" 7!889:; ( (<.#=-$(/0#

$%>?&->( $(-" "-$<)%" +# >#$<#.'($%&'# +% @A.(" B ("",$-. C,% %)(" "% >#$<#.'($

"-$-)(.$%&'% ( $#)("1

D#+%E"% ("",$-.; -&->-()$%&'%; C,% ,$( @A.( B .%<.%"%&'(+( <#. ,$( $#)(; "%&+#

C,% %$ ,$ )(+# ( $#)( %"'F @=( ( ,$( %"'.,',.( .G*-+(; % C,%; +# #,'.# )(+#; %)( %"'F

"#3.%&+# ( (/0# +% ,$( 3#./( F 1 H% &%&I,$( >(.*( B (<)->(+( J $#)(; # >#$<.-$%&'#

+%"'( B l0; (<K" (<)->(/0# +( 3#./( F ; # >#$<.-$%&'# B l1 L"",$-$#" <#.'(&'# C,% %=-"'%

,$( .%)(/0# )-&%(. %&'.% ( M(.-(/0# +% >#$<.-$%&'# +( @A.( l − l0 % ( 3#./( (<)->(+(N

F = α(l − l0) 7 1!O:

L >#&"'(&'% α .%<.%"%&'( ( .-*-+%P +( $#)(; %&'.%'(&'#; ( %C,(/0# 7 1!O: (<%"(. +%

%"'(. 3#.$()$%&'% >#..%'(; &0# B $,-'# >#&M%&-%&'%; <#-" "% #,'.( $#)( 3#""% >#&"-+%.(+(

>#$ (" $%"$(" <.#<.-%+(+%" -&'.G&"%>("; $(" >#$ >#$<.-$%&'# -&->-() +-3%.%&'%; #

>#%@>-%&'% α "%.-( +-3%.%&'%1 D#.'(&'# ( .%)(/0# .%<.%"%&'(+( <%)( %C,(/0# 7 1!O: <#+%

"%. $%)I#. +%">.-'( +% 3#.$( <.#<#.>-#&() (# >#$<.-$%&'# -&->-() +( $#)( +% >(.*(N

F = c

(

l − l0
l0

)

= c

(

l

l0
− 1

)

7 1!Q:

4 >#%@>-%&'% c B ,$( <.#<.-%+(+% -&'.G&"%>( +( $#)( C,% -&+%<%&+% +# >#$<.-$%&'#

%$ .%<#,"# +( $#)(1 R ,",() +%@&-. # <(.?$%'.# +%3#.$(/0# λ >#$#N

λ =
l

l0
. 7 1!S:

+% 3#.$( C,%

F = c(λ− 1). 7 1!T:

 ! ! "#$%&# '()$)*%(+)#(,& $% -* ".+/-&# 0+1-%&23)/#

L" @A.(" %$ ,$ $U">,)# %"C,%)B'-># <#"",%$ ,$( >(<(>-+(+% +% >#&'.(/0# U&->(1

V$ ,$ &GM%) $->.#">K<->#; ,$ $U">,)# B >#$<#"'# +% @A.(" $,">,)(.%" % $-#@A.-)("1

W-#@A.-)(" <#. ",( M%P "0# >#$<#"'(" +% <.#'%G&(" (>'-&( % $-#"-&(1 L -&'%.(/0# +%

@)($%&'#" +%"'(" <.#'%G&(" ('.(MB" +% <#&'%" >.,P(+(" <#""-A-)-'($ (" <.#<.-%+(+%" +%

>#&'.(/0# +# $U">,)#1 D#+%E"% M-",()-P(. #" MF.-#" &GM%-" +% $(*&-@>(/0# &( X-*,.(  1Q1

4 (..(&6# +%"'%" @)($%&'#" %$ ,$ "(.>Y$%.# %"'F %"A#/(+# &( X-*,.(  1S1

L ('-M(/0# +# $U">,)# "% +F ('.(MB" +( $#M-$%&'(/0# +#" @)($%&'#" +% (>'-&( %

$-#"-&(; >(,"(&+# ( (<.#=-$(/0# +%"'%" % <#. >#&"%C,Z&>-( # %&>,.'($%&'# +# "(.>Y$%.#

7M%. X-*,.(  1S:1 [,(&+# #>#..% ( +%"('-M(/0# +# $U">,)# #" @)($%&'#" .%'#.&($ J ",(

<#"-/0# #.-*-&() +%M-+# J %)("'->-+(+% +# '%>-+# (# .%+#. +%"'%"1

V$ '%.$#" +% $#+%)(*%$; ( M(.-(/0# &# >#$<.-$%&'# +# "(.>Y$%.# -$<)->( C,% #





l0

lc

lc

F = c

(

l

lc
− 1

)

.

c

lc

l0

λc =
lc
l0
.

λc < 1

λc

λc

F = c

(

λ

λc − 1

)

, λ =
l

l0
.
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"#$% &'()&##*+ ,-(.,/% 01& #& + -2#/1.+ 3 %$,4%5+6 )&()&#&7$%5+ (+) 1- /&)$+ λc6 &

+ -2#/1.+ 7*+ &#$8 /+- /%)9%6 (+)$%7$+ F = 0: ; -2#/1.+ ,)8 #& /+7$)%,) 5& <+)-% 01&

λ = λc. = : >?

@&6 (+) +1$)+ .%5+6 + -2#/1.+ <+) %$,4%5+ & <+)A%5+ % $&) 1- /+-(),-&7$+ /+7#$%7$&

l06 (+)$%7$+ λ = 1: B&#$& /%#+ % <+)A% 7+ -2#/1.+ #&)8 ,91%. %C

F = c

(

1

λc

− 1

)

. = : D?

 ! !" #$%&'$ %& #()*+'$ %& ,-''

E1,$+# -+5&.+# F8 <+)%- 5&#&74+.4,5+# (%)% 5&#/)&4&) + 7G4&. 5& %$,4%A*+ 5+#

-2#/1.+#: H- 9)%75& 9)1(+ 5& -+5&.+# &#$8 I%#&%5+ 7+ -+5&.+ 5&#&74+.4,5+

&'(&),-&7$%.-&7$& (+) J:K: L,.. &- >M N = !""6 >M N?6 01& #&)8 -&.O+) 5&#/),$+ % #&91,):

 ! !"!# $%&'()* +, -.// 0'1' 2345&/* 6,7'8.9'+*

J &01%A*+ 5& L,.. =7+-& 5&4,5+ P J)/O,I%.5 K,4,%7 L,..6 >M N? 3 % &01%A*+ -%,#

<%-+#% 7% -&/Q7,/% -1#/1.%$R),%: "#$% &01%A*+ 3 %##,- 5&S7,5%C

(v + b)(T + a) = b(T0 + a), = :  ?

+75& T )&()&#&7$% % $&7#*+ 7+ -2#/1.+6 v )&()&#&7$% % 4&.+/,5%5& 5& /+7$)%A*+6 & a6 b6

T0 #*+ /+7#$%7$&#: @& %# /+7#$%7$&# a & b 7+ .%5+ &#01&)5+ 5% &01%A*+ <+)&- ,97+)%5%#6

&7$*+ &.% )&()&#&7$%)8 01& % $%'% 5& $)%I%.O+ &'&/1$%5+6 & (+)$%7$+ % $%'% 5& /+74&)#*+

5& &7&)9,% (%)% )&%A*+ 01G-,/%6 3 /+7#$%7$&: T#$+ 3 )%U+84&. (%)% + -2#/1.+ $&$%7,U%5+6

/+75,A*+ 7% 01%. &.& <+, &#$15%5+ (+) L,..:

B+# &'(&),-&7$+# 5& L,.. =>M N?6 1- -2#/1.+ <+, S'%5+ (&.%# &'$)&-,5%5&# % 1-%

/&)$% 5,#$Q7/,% L06 5&(+,# &#$,-1.%5+ &.&$),/%-&7$& % 1-% <)&01V7/,% #1S/,&7$&-&7$& %.$%

(%)% $&$%7,U%) + -2#/1.+ P $&7#*+ -8',-% T0: B&#$% /+75,A*+ + -2#/1.+ 3 .,I&)%5+ &-

1-% 5%# &'$)&-,5%5&# & )&$+)7% (%)% 1- 7+4+ /+-(),-&7$+ L6 01& 3 -&7+) 5+ 01& L06

+1 % 1-% 7+4% $&7#*+ T 6 01& 3 -&7+) 5+ 01& T0: T-&5,%$%-&7$& %(R# % .,I&)%A*+6 %

4&.+/,5%5& 5& /+7$)%A*+ v = −dL/dt & % $&7#*+ T <+)%- -&5,5%# =W,91)%  :X?6 #1)9,75+

5%G % &01%A*+ 5& L,.. = :  ?6 01& (+5& #&) )&&#/),$% /+-+C

v = b
T0 − T

T + a
, = : Y?

+1

T =
bT0 − av

v + b
= a

v0 − v

v + b
. = : !?



v

T = 0 v

v0 =
bT0

a
,

v

v0
=

1− (T/T0)

1 + c(T/T0)

T

T0

=
1− (v/v0)

1 + c(v/v0)
,

c =
T0

a
.

a b S0 v0 c

a b S0

T0 v0 c = T0/a

L0

T0 L0 L0

T0 L0 T0



T0 L0

•

•
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,8 6,-./,8 > 5 -4?31/-5-. =5@5 .8A465@ ,8 8.18 =5@B6.A@,89 . 5=.258 5/C128 .8A1-,8

5=@.8.2A56 D5/,@.8 3,23@.A,8( ' 654,@45 -,8 A@5E5/F,8 1A4/4G5 =5@B6.A@,8 -.@4D5-,8 -.

-5-,8 .H=.@46.2A548( I5@B6.A@,8 .H=.@46.2A548 8J, -.83@4A,8 =,@ K,/. .A 5/( :;))L<9 M.2C
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+ b(ẋ− ẋ1) + A, 012 84

x1 =
T

KSE

+ x∗
1
⇒ ẋ1 =
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Ṫ =
KSE

b

(

KPE∆x+ bẋ− (1 +
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