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(# .#)#/06%#$ (#5'.&08?#$ #)L$%470$; M'&' $#.L &'$%.0(' 0(406%#* 0$ 69',)46#0.4(0(#$

46%.N6$#70$ 0 keff (x) $2:#.#& 0 #34$%K6740 (# 2&0 (46A&470 70O%470 #& $4$%#&0$ (#

0)%',50)06%#$ F !"#$%& '( )*+*  GGHI* $#6(' 2&0 4&+'.%06%# 5'6%# (# (4$%'.8?#$ 6' $'&

'.4:460);



  

 !"!#$%&! '"()%"*+!

! "#$%$&'$ ()"*'+,- ./%) ) $,+(/0)# ) '$-#/) %-1#$ %/%'$2)% 0/&32/(-%4 1$2 (-2-

)"#$%$&')# $ 0/%(+'/# )% 5$##)2$&')% 6+$ 5-#)2 +'/,/7)0)% ")#) ) "#-0+89- 0-% #$%+,')0-%

0$%'$ '#)1),:-; <=&0+,-% 5-#8)0-% $ )2-#'$(/0-%4 (-2- - ),'->5),)&'$ $ - %/%'$2)

2)%%)>2-,) 5-#8)0- $ )2-#'$(/0-4 %9- #$"#$%$&')0-% "-# $6+)8?$% 0/5$#$&(/)/% $ %9-

")%%*.$/% 0$ "-%%+/#$2 0/&32/()% (-2",$@)%; <-# /%%- "$#'$&($2 ) A#$) 0$ $%'+0-%

0-% %/%'$2)% 0/&32/(-%; B/"/()2$&'$ %/%'$2)% 0/&32/(-% (-2 0/&32/()% (-2",$@)% %9-

)&),/%)0-% (-2 - +%- 0$ 5$##)2$&')% (-2- -% 0/)C#)2)% 0$ 1/5+#()8?$% $ -% 2)")% 0$

<-/&()#D ")#) 0/%(#$'/7)89- 0$%'$% %/%'$2)%; E-2- .$#$2-% &- ()"/'+,- F4 $%'+0-% #$($&'$%

+'/,/7)2 ')/% 5$##)2$&')% ")#) - $%'+0- 0) 0/&32/() 0$ ),'->5),)&'$%; <)#) ) #$0)89- 0$%'$

()"*'+,- 5-#)2 +'/,/7)0)% )% #$5$#=&(/)% G !!4 HIIJK4 G"#$%&$'("$'')')* +')% 4 HIIFK4

G)&&#,  % *- ./04 HIILK $ G)1)'1)2$& *- ./04 HIIMK;

 !" #$%&'()*+'

N/%'$2)% 0/&32/(-% %9- %/%'$2)% 6+$ .)#/)2 &- '$2"-; <-#')&'- ) "#/&(/"),

()#)('$#*%'/() D ) "#$%$&8) 0) .)#/A.$, '$2"- &)% $6+)8?$% 2)'$2A'/()% 6+$ -%

#$"#$%$&')2; O2 $@$2",- 0$%'$% %/%'$2)% %9- )% $6+)8?$% 0) 2$(3&/()4 (-2- ) 0)

"-%/89- /&%')&'3&$) 0$ +2 -1P$'- $2 2-./2$&'- $2 5+&89- 0- '$2"-; Q) &)'+#$7)

$&(-&'#)2>%$ .A#/-% -+'#-% $@$2",-% 0$ %/%'$2)% 0/&32/(-%; ! 2-./2$&'- 0-% (-#"-%4

) '$2"$#)'+#) ,-(), 0) )'2-%5$#)4 - R+@- 0$ +2 #/- $ - (#$%(/2$&'- 0$ +2 %$# ./.- %9-

),C+&% 0$%'$% $@$2",-%;

!% %/%'$2)% 0/&32/(-% "-0$2 %$# 0/./0/0-% $2 0$'$#2/&*%'/(-% $ $%'-(A%'/(-%; !%

%/%'$2)% 0$'$#2/&*%'/(-% %9- )6+$,$% #$C/0-% "-# $6+)8?$% 0$'$#2/&*%'/()% $&6+)&'- 6+$

-% $%'-(A%'/(-% %S "-0$2 %$# $%'+0)0-% "-# %+)% "#-"#/$0)0$% "#-1)1/,*%'/()%; !% %/%'$2)%

0/&32/(-% "-0$2 %$# )/&0) 0/./0/0-% $2 0/%(#$'-% $ (-&'*&+-%; T%'$% 0-/% U,'/2-% %$#9-

)"#$%$&')0-% &)% %$8?$% J; $ J;J4 #$%"$('/.)2$&'$;

 !, -#-%./0- (#-1&.%'-

N/%'$2)% 0/&32/(-% 0/%(#$'-% %9- %/%'$2)% -&0$ ) .)#/A.$, '$2"-#), )%%+2$ .),-#$%

0$ 5-#2) 0/%(#$'); <-# $@$2",-4 6+)&0- %$ '$2 +2 2)"$)2$&'- 0$V&/0- $2 +2 (-&P+&'-

A ⊂ R
m

 !"#$ % &'( )&*+,$ -.#$/!(0 f : A → A ( "!'&0(+,$ 1$*"!"#. .' 1$*"!2./(/ ("

!#./(+3." 2. f ( 4(/#!/ 2. &'( 1$*2!+,$ !*!1!(0 x0 ∈ A5 6""!' $7#%'8". ( 9/7!#( (""$1!(2(

( ."#( 1$*2!+,$ !*!1!(0 (x0, x1, . . . , xn, . . .) $*2.:

xn = f(xn−1) = fn(x0), n = 1, 2, ... ;<5=>



 !

"#$%&'#()* +#$# *,*$-.# % /0&12#3 f : R → R; f(x) = 2x− 14 5* x0 < 13 6*7*$#)

limn→−∞fn(x0) = −∞4 8%)# x0 > 13 limn→+∞fn(x0) = +∞4 90%&'# x0 = 13 )*$-7*

6*7*$#) fn(x0) = 14 :%7% *)6* +%)#3 -#'*$#) %;7$%7 <0* x0 = 1 = 0$ -#&6# ;,#3 >)6#

=3 f(x) = x4 ?%>) %>&'%3 *)6* -#&6# ;,# = 7*-0.)#73 -#>) -%7% <0%.<0*7 @%.#7 >&>+>%.3 62#

-7A,>$# <0%&6# )* <0*>7% '* x03 % /0&12# f(x) )*$-7* >7B 6*&'*7 -%7% >&;&>6#4 C '>&D$>+%

'* )>)6*$%) .>&*%7*)3 '# 6>-# f(x) = ax + b, ∀a, b ∈ R, a /∈ 0; 1 3 = E%)6%&6* )>$-.*)4 F)6*)

)>)6*$%) -#))0*$ 0$ -#&6# %67%6#7 <0%&'# |a| < 13 #0 7*-0.)#7 <0%&'# |a| > 13 *$

x = b
(1−a)

4 8#&60'#3 )>)6*$%) /G)>+#) 7*%>) &% )0% H7%&'* $%>#7>% &2# )2# .>&*%7*) * -#'*$

%-7*)*&6%7 '>&D$>+%) )>$-.*) #0 %.6%$*&6* +#$-.*,%)4

I$ '#) $%>) >$-#76%&6*) *,*$-.#) $%6*$B6>+#) '* '>&D$>+% &2# .>&*%7

0&>'>$*&)>#&%. = % /%$G.>% '%) /0&1J*) <0%'7B6>+%)3 '*;&>'%) +#$#3 Fµ : R → R; Fµ(x) =

µx(1 − x)3 -%7% µ > 14 F)6% /%$G.>%3 6%$E=$ +#&K*+>'% +#$# /%$G.>% .#HG)6>+%3 =

%E#7'%'% &% $%>#7>% '* .>@7#) <0* 67%6%$ '* '>&D$>+% &2# .>&*%7 '* )>)6*$%) '>)+7*6#)4

8#$# )*7B @>)6# E7*@*$*&6* % )*H0>73 &*)6* 6>-# '* /0&12# -#'*$#) #E)*7@%7 $0>6#) '#)

7*H>$*) -7*)*&6*) *$ )>)6*$%) '>&D$>+#) *$ H*7%.3 >&+.0>&'# % '>&D$>+% '#) %.6#(/%.%&6*)3

@%7>%&'#()* %-*&%) # -%7D$*67# µ4

L*)#.@*&'# % *<0%12# Fµ(x) = x3 #E6*$#)3 +#$# -#&6#) ;,#) '% /0&12# Fµ, xp1 = 0

* xp2 = (µ−1)
µ

4 M%N*&'# 0$% %&B.>)*3 )* µ > 13 # -#&6# ;,# xp2 -*7$%&*+*7B &# >&6*7@%.#

[0; 1] * # -#&6# ;,# xp1 = 0 )*7B 7*-0.)#7 )* µ > 14 O -#&6# ;,# xp2 )*7B 7*-0.)#7 )* µ > 3

* %67%6#7 )* 1 < µ < 34

P# +%)# *$ <0* 1 < µ < 33 * 6#$%&'# +#$# -#&6# >&>+>%. x0 ∈ (0; 1)3 % /0&12#

Fµ(x) 6*&'*7B % xp24 5* x0 /∈ [0, 1]3 % /0&12# Fµ(x) 6*&'*7B % −∞4

:%7% 3 < µ < 4 # -#&6# xp2 '*>,% '* -#))0>7 %-*&%) 0$ @%.#7 * +#$*1% % #)+>.%73

#0 )*Q%3 )07H*$ &#@#) -#&6#) -*7>A'>+#) *)6B@*>)4 F)6*) &#@#) -#&6#) -*7>A'>+#) *)6B@*>)

%0$*&6%$ <0%&'# µ @%7>% *$ '>7*12# % 44 90%&'# # )>)6*$% %6>&H* *)6* *)6BH># '*

+#$-.*,>'%'*3 % /0&12# *,>E* )*&)>E>.>'%'* '%) +#&'>1J*) >&>+>%>) -%7% %.H0&) @%.#7*) '*

µ3 *&<0%&6# <0* -%7% #067#) # $%-% $#)67% +#$-#76%$*&6# -*7>A'>+#4 90%&'# µ > 43 #

7*H>$* 6#7&%()* '*;&>6>@%$*&6* +#$-.*,# R+%A6>+#S4

M%N*&'# 0$ *)60'# &% 7*H>2# *$ <0* µ > 43 +#$ +#&'>1J*) >&>+>%>) /#7% '# >&6*7@%.#

[0; 1]3 Fµ >7B '>@*7H>7 -%7% −∞3 #0 )*Q%3 limn→∞F n
u (x0) = −∞4 8%)# %) +#&'>1J*)

>&>+>%>) *)6*Q%$ '*&67# '# >&6*7@%.# [0, 1]3 *,>)6>72# >&;&>6#) )0E>&6*7@%.#) Ik ⊂ [0, 1] +0Q#)

-#&6#)3 )* 6#$%'#) +#$# +#&'>1J*) >&>+>%>)3 /%72# +#$ <0* % /0&12# Fµ 6%$E=$ 6*&K%

0$ +#$-#76%$*&6# '>@*7H*&6*4 5* 7*6>7%7$#) '# >&6*7@%.# [0, 1] 6#'#) #) )0E>&6*7@%.#) '*

Ik3 6*7*$#) 0$ +#&Q0&6# Λ (Λ = [0, 1] − Ik)3 <0* )*7B >&@%7>%&6* *$ 7*.%12# T '>&D$>+%4

U)6# <0*7 '>N*7 <0*3 6#$%&'#()* <0%.<0*7 +#&'>12# >&>+>%. x0 ∈ Λ3 % A7E>6% %))#+>%'%

% *)6* -#&6# 6%$E=$ *)6%7B +#&6>'% *$ Λ4 Λ = 0$ +#&Q0&6# '* -#&6#) 7*-0.)#7*)4 V

-#))G@*. -7#@%7 <0* *)6* +#&Q0&6# -#))0> 0$% >&;&>'%'* '* -#&6#) -*7>A'>+#)3 #&'* Fµ

*,>E* )*&)>E>.>'%'* T) +#&'>1J*) >&>+>%>)3 * <0* *,>)6* %# $*&#) 0$% A7E>6% <0* @>)>6% +%'%

7*H>2# *)+#.K>'% '* Λ3 -#7 $*&#7 <0* *.% )*Q% R !"#$!%3 WXYXS4



 !

"#$%&' ()*+ ,&-./0 10 2'3' 40$567#/0 /02 1 < µ < 3)

879 :;7<0= 7&'70%>6: '3:;'6 1: 6#67:2'6 %;#1#2:;6#0;'#6= 0% 6:?'= /02 '3:;'6 %2'

@'&#-@:4) A0;7%10= 301:>6: 7&'7'& 6#67:2'6 /02 2'#6 1#2:;6B:6) C2 :D:2340 /0;E:/#10

1: 1#;F2#/' G#1#2:;6#0;'4 9 0 6#67:2' 1: H:;0;) I 6#67:2' 1: H:;0; 9 J0&2'10 30&

1%'6 :K%'LB:6 '/034'1'6 M() N : M()(N= : 1%'6 @'&#-@:#6 x : y= 0;1: a : b 6<0 3'&F2:7&06+

xn+1 = 1− ax2
n + byn, M() N

yn+1 = xn. M()(N

8 1#J:&:;L' 1:67: 6#67:2' 3'&' 0 2'3' 40$567#/0 9 K%: '$0&' 06 202:;706 6<0

&:3&:6:;7'106 30& %2 3'& 0&1:;'10 (x, y) : ' O&G#7' '660/#'1' P /0;1#L<0 #;#/#'4 (x0, y0)

9 %2' 6:K%Q;/#' 1: 3'&:6 0&1:;'106 ((x0, y0), (x1, y1), (x2, y2), . . . , (xn, yn), . . .))

I 6#67:2' 1: H:;0; 301: 7:& ' 6%' 1#;F2#/' &:3&:6:;7'1' :2 %2 34';0 Oxy M:63'L0

1: J'6:N= 0;1: /'1' 30;70 (xn, yn) 9 '660/#'10 '0 6:% 6%/:660& (x(n+1), y(n+1))= 6:$%#;10

'6 :K%'LB:6 M() N : M()(N) R:2>6: '66#2 ' &:3&:6:;7'L<0 10 2'3' 1: H:;0;) S'&#';10

06 @'40&:6 1: a : b= 7:2>6: @'&#'LB:6 ;06 &:$#2:6 := 3'&' '4$%;6 1:66:6 @'40&:6= 0 6#67:2'

'3&:6:;7'&- %2 /0230&7'2:;70 /0234:D0)

T0&92= K%'4K%:& 30;70 #;#/#'4 (x0, y0)= 1:;7&0 1: /:&7' &:$#<0 10 :63'L0 1: J'6:=

&:6%47' :2 %2' O&G#7' K%: 7:;1: 6:23&: ' %2 2:620 /0;?%;70 #;@'&#';7: 1: 30;706=

'7&'70& 10 6#67:2' M.$%&' () N) U67' .$%&'= /020 @:&:206 ;0 3&OD#20 /'357%40= 9 ';-40$'

' .$%&' !)V= :;/0;7&'1' 30& M !"#$%& '( )*+=  WWVN :2 6:% 7&'G'4E0 7:O&#/0 1: 201:4'$:2

1#;F2#/' 1: '470>J'4';7:6)



 !

"#$% &'()*($' +$,+$', -% .'($'# -' #/#$%0+ $%0 ' 0%#0' .+.%1 2*% ' &'()*($'

3,%.*1#',4 Λ (' &+#' -' 0+.+ 1'56#$/&'7 (' #%($/-' -% 2*% +08'# ,%5%0 + -/(90/&+ -'

#/#$%0+ %0 #*+# .,':/0/-+-%#; < #/#$%0+ -% =%('( %:/8% #%(#/8/1/-+-% ># &'(-/?@%#

/(/&/+/# -%($,' -% #*+ 8+&/+ -% +$,+?A';

B/5*,+ C; D E+&/+ -% +$,+?A' .+,+ ' #/#$%0+ -% =%('( .+,+  !"#$ % %!$#&;

 ! "#"$%&'" ()*$+*,)"

F%G(%H#% *0 #/#$%0+ -/(90/&' &'0' &'($6(*' 2*+(-' + I+,/JI%1 $%0.' K &'($6(*+;

L0 %:%0.1' -% #/#$%0+ &'($6(*' 8/-/0%(#/'(+1 % (A' 1/(%+, K ' 0'-%1' -% *0 .M(-*1'

N+,0O(/&' P',?+-' +0',$%&/-'; "#$% #/#$%0+ K +(J1'5' +' #/#$%0+ 0+##+ 0'1+ P',?+-' %

+0',$%&/-' ,%.,%#%($+-' (+ G5*,+  ;!; Q'0' I/#$' (' &+./$*1'  7 %#$% $/.' -% #/#$%0+

,%.,%#%($+ 8%0 + -/(90/&+ -% +1$'HP+1+($%#;

R' 0'-%1' -' .M(-*1' N+,0O(/&' +0',$%&/-' + 0+##+ &'0%?+,J + '#&/1+, #'8 +?A' -+

5,+I/-+-% +##/0 2*% P', +.1/&+-+ *0+ P',?+ %:$%,(+ .%,/S-/&+ (' $%0.'; T%0H#% $+08K0

+ P',?+ -% P,/&?A' 3'* -/##/.+?A'4 &'0 ' 0%/' 3+,47 .,'.',&/'(+1 > I%1'&/-+-% +(5*1+, -%

'#&/1+?A';

U+,+ 2*% ' .M(-*1' /(/&/% ' #%* 0'I/0%($' '#&/1+$S,/'7 K (%&%##J,/' +.1/&+, *0+

P',?+ /(/&/+1 (+ 0+##+; V% (A' N'*I%, 0+/# (%(N*0+ P',?+ .%,/S-/&+ +.1/&+-+ +' #/#$%0+7

' 0'I/0%($' -' .M(-*1' $%(-%,J + +0.1/$*-%# &+-+ I%W 0%(',%#7 $%(-%(-' + W%,'; X##' #%

-%I% +' P+$' -%7 #'8 +?A' -+ 5,+I/-+-%7 %:/#$/, *0+ -/##/.+?A' -%I/-' > P,/&?A' &'0 ' +,;

R%#$% &+#'7 .+,+ 2*% ' .M(-*1' &'($/(*% %0 0'I/0%($'7 K (%&%##J,/' +-/&/'(+, %(%,5/+ +'

#/#$%0+7 '* #%)+7 -%I%,J #%, +.1/&+-+ (' #/#$%0+ *0+ P',?+ .%,/S-/&+;

Y.1/&+(-' *0+ P',?+ /(/&/+1 (+ 0+##+ % &'(#/-%,+(-' ' +$,/$' % P',?+# .%,/S-/&+#

+.1/&+-+# +' #/#$%0+ &'0' (*1+#7 ' .M(-*1' $%,J *0 0'I/0%($' 1/I,% -% 0'-' ,%.%$/$/I'

3.%,/S-/&'47 &'0' ' .M(-*1' -% *0 ,%1S5/';

U+,+ '# &+#'# %0 2*% %:/#$%0 P',?+# -% +$,/$' % .%,/S-/&+# +.1/&+-+# > 0+##+7 .'-%0

%:/#$/, &'0.',$+0%($'# .%,/S-/&'# % &+S$/&'#; R+ G5*,+ C;C .'-%H#% I%, *0 0+.+ -% P+#%

x I%,#*# y -% *0 #/#$%0+ .%,/S-/&'7 '(-% x K ' -%#1'&+0%($' -+ 0+##+ &'0 ,%1+?A' +



 !

"#$%&'# () *+( # ,# "-($# . (/. (01#02-.3$( 0. "#$%&'# 4(-2%1./5 ( y 6 . 4(/#1%7.7( 7(

7($/#1.)(02# 7. ).$$.8

9%:+-. ;8;< =). >-?%2. "(-%>7%1. 0# ($".&# 7( @.$( 7( +) "A07+/# B.-)C0%1# @#-&.7# (

.)#-2(1%7#8 D (%E# x 6 # 7($/#1.)(02# 7. ).$$. 1#) -(/.&'# . "#$%&'# () *+( # ,# "-($#

. (/. (01#02-.3$( 0. "#$%&'# 4(-2%1./ ( # (%E# y -("-($(02. . 4(/#1%7.7( 7( 7($/#1.)(02#

7. ).$$.8

F.-. ./:+0$ 4./#-($ 7( ".-G)(2-#$ # $%$2(). *+( )#7(/. # )#4%)(02# 7# "A07+/#

B.-)C0%1# @#-&.7# .)#-2(1%7# "#7( ."-($(02.- 1#)"#-2.)(02#$ 1.>2%1#$8 H#)# (E()"/#5

"#7(3$( .0./%$.- # ).". 7( @.$( 0. ,:+-. ;8I8

9%:+-. ;8I< J-?%2. 1.>2%1. 0# ($".&# 7( @.$( 7( +) "A07+/# B.-)C0%1# @#-&.7# (

.)#-2(1%7#8 D (%E# x 6 # 7($/#1.)(02# 7. ).$$. 1#) -(/.&'# . "#$%&'# () *+( # ,# "-($#

. (/. (01#02-.3$( 0. "#$%&'# 4(-2%1./ ( # (%E# y -("-($(02. . 4(/#1%7.7( 7( 7($/#1.)(02#

7. ).$$.8

K. ,:+-. ;8I "#7(3$( #?$(-4.- +) 1#)"#-2.)(02# ?() 7%@(-(02( 7. ,:+-. ;8;8

L$2. 7%@(-(0&. 7( 1#)"#-2.)(02# $( 7(+ "(/. $%)"/($ )#7%,1.&'# 7#$ ".-G)(2-#$8



 !

"#$%&'&()# &* +,-'&* ./. 0 ./12 %#)03*0 (#4&' 5-0 (& +,-'& ./. & )6(7$68& )# %9()-:# ;

%0'6<)68&2 %#';$ (& +,-'& ./1 ; 0=4'0$&$0(40 )6>?86: #@*0'A&' 0*4& %0'6#)686)&)0/ B&*0&)#

&%0(&* (&* +,-'&* )0 $&%& )0 >&*02 (C# %#)03*0 8#(8:-6' *0 & )6(7$68& )# %9()-:# ;

'0&:$0(40 8#$%:0=& D8&<468&E #- %0'6<)68& 8#$ -$ %0'?#)# @&*4&(40 ,'&()0/ F&*2 *0

0*%0'&'$#* 40$%# *-+860(402 4#)& & '0,6C# 6(40'(& )& +,-'0 ./1 *0 $#*4'&'G %'00(8H6)&2

0 6*4# 6()68& >#'40$0(40 & 0=6*49(86& )0 '0,6$0* 8&<468#* (# *6*40$&/

 !" #$%$& '( %)*+,$-. ( '*$/-$#$& '( 0*12-,$34(&

I6%68&$0(40 *6*40$&* 8#(4?(-#* *C# 8#$%:0=#* )0 *0'0$ &(&:6*&)#* )6'04&$0(40/

J**6$2 -$& *#:-KC# >'05-0(40 (# 0*4-)# )0 *6*40$&* )6(7$68#* ; & -46:6L&KC# )#* $&%&*

)0 M#6(8&'; %&'& & )6*8'046L&KC# )0 *6*40$&* 8#(4?(-#*/ N*4& >0''&$0(4&2 8#$# A0'0$#*

(# 8&%?4-:# O2 *0'G -46:6L&)& (0*40 4'&@&:H# %&'& # 0*4-)# )& )6(7$68& )0 &:4#3>&:&(40*/

P$ $&%& )0 M#6(8&'; ; *0$%'0 &**#86&)# & -$ *6*40$& )0 m 05-&KQ0* )6>0'0(86&6*

f : R
m → R
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./V/ W 6$%#'4&(40 #@*0'A&' 5-0 Σ )0A0 *0' 4#$&)& %05-0(& # *-+860(40 %&'& 5-0
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C* 63% 3%)*4(% &*(%-/ 63 +4+#*3% 54+2(*#' f : A → A $ 2%>#42' +* *<4+#* 63
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2')R6)#' Λ ⊂ [0; 1]/ 2')+#4#64 63 +4+#*3% 54+2(*#' 6)4543*)+4')%- *3 (*&43* 2%>#42' 0'4+
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