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✶ ■◆❚❘❖❉❯➬➹❖

❯♠ $✐$&❡♠❛ ) ❡♥&❡♥❞✐❞♦ ❝♦♠♦ ✉♠❛ ❡♥&✐❞❛❞❡ /✉❡ ♠❛♥&)♠ $✉❛ ❡①✐$&1♥❝✐❛ ❛&2❛✈)$ ❞❛

✐♥&❡2❛45♦ ❞❡ $✉❛$ ♣❛2&❡$✳ ❯♠ ♠♦❞❡❧♦ ) ✉♠❛ 2❡♣2❡$❡♥&❛45♦ $✐♠♣❧✐✜❝❛❞❛ ❞♦ $✐$&❡♠❛ 2❡❛❧

❝♦♠ ♦ ✐♥&✉✐&♦ ❞❡ ♣2♦♠♦✈❡2 ❛ ❝♦♠♣2❡❡♥$5♦ ❞♦ ♠❡$♠♦ ❛&2❛✈)$ ❞❛ ✐♥&❡2❛45♦ ❞❡ $✉❛$ ♣❛2&❡$

♦✉ ❞♦ $✐$&❡♠❛ ❝♦♠♦ ✉♠ &♦❞♦✳ ❈♦♥$✐❞❡2❛♥❞♦ /✉❡ &♦❞♦$ ♦$ ♠♦❞❡❧♦$ $5♦ $✐♠♣❧✐✜❝❛4;❡$ ❞❛

2❡❛❧✐❞❛❞❡✱ ❤> $❡♠♣2❡ ✉♠❛ ❞?✈✐❞❛ $♦❜2❡ /✉❛❧ $❡2> ♦ ♥A✈❡❧ ❞❡ ❞❡&❛❧❤❡ ❞♦ ♠♦❞❡❧♦ ❡♠ &❡2♠♦$

❞❡ ♣❛2B♠❡&2♦$ ❛ $❡2❡♠ ✐♥❝❧✉A❞♦$✳ ❙❡ ❛ $✐♠✉❧❛45♦ ❝♦♥$✐❞❡2❛2 ♣♦✉❝♦$ ♣❛2B♠❡&2♦$✱ ❤> ♦

2✐$❝♦ ❞❡ ♣❡2❞❡2 ✐♥&❡2❛4;❡$ 2❡❧❡✈❛♥&❡$ ❡ ♦$ 2❡$✉❧&❛❞♦$ ✜♥❛✐$ ♥5♦ ♣2♦♠♦✈❡2❡♠ ✉♠❛ $♦❧✉45♦

$❛&✐$❢❛&E2✐❛✳ F♦2 ♦✉&2♦ ❧❛❞♦✱ $❡ ♠✉✐&♦$ ❞❡&❛❧❤❡$ ❢♦2❡♠ ✐♥❝❧✉A❞♦$✱ ♦ ♠♦❞❡❧♦ ♣♦❞❡ ✈✐2 ❛ $❡

&♦2♥❛2 ❡①&2❡♠❛♠❡♥&❡ ❝♦♠♣❧✐❝❛❞♦ ❞❡✈✐❞♦ G$ ❞✐✈❡2$❛$ ✐♥&❡2❛4;❡$ ❞♦$ ❞✐❢❡2❡♥&❡$ ♣❛2B♠❡&2♦$✳

❖$ ♠♦❞❡❧♦$ ❜❛$❡❛❞♦$ ❡♠ ❛❣❡♥&❡$ ❞❡ ✐♥&❡2❛45♦ $♦❝✐❛❧ ❤✉♠❛♥❛ $5♦ ❜❛$❡❛❞♦$ ♥❛ ♠❡$♠❛

❡$&2❛&)❣✐❛ &❡E2✐❝❛ ❞❡ ❝♦♥$&2✉45♦ ❞❛ ♠♦❞❡❧❛❣❡♠ ❞❡ ❣2✉♣♦$✱ 2❡❜❛♥❤♦$ ❡ ♦✉&2♦$ ❢❡♥J♠❡♥♦$

❝♦22❡❧❛&♦$ /✉❛♥❞♦ ❡♠ ♠♦✈✐♠❡♥&♦ ✭❜♦✐❞$

✶

✮ ✭✭❘❊❨◆❖▲❉❙✱ ✶✾✽✼✮ ❡ ✭❘❊❙◆■❈❑✱ ✶✾✾✼✮✮✳ ❈♦♠♦

♥♦$ boids✱ ♦$ ♣2♦❝❡$$♦$ ❞♦$ ❣2✉♣♦$ ❞❡ ❤✉♠❛♥♦$ $5♦ ❛❧&❛♠❡♥&❡ ❝♦♠♣❧❡①♦$✱ ♥5♦ ❧✐♥❡❛2❡$ ❡

❛✉&♦✲♦2❣❛♥✐③❛❞♦$✳ ❙✐$&❡♠❛$ ❝♦♠♦ ❡$&❡✱ ♥5♦ $5♦ ❞❡&❡2♠✐♥A$&✐❝♦$✳ ❙❡✉$ 2❡$✉❧&❛❞♦$ ♣♦❞❡♠

$❡2 ✐♥$&>✈❡✐$ ♥♦ /✉❡ ❞✐③ 2❡$♣❡✐&♦ G ❡✈♦❧✉45♦ &❡♠♣♦2❛❧✱ ❡♠ ❢✉♥45♦ ❞❡ $❡✉$ ♣❛2B♠❡&2♦$ ❡

✈❛2✐>✈❡✐$✳ ■$$♦ $✐❣♥✐✜❝❛ /✉❡ ❝❡2&♦$ 2❡$✉❧&❛❞♦$ ♦❜&✐❞♦$ $5♦ ❝❛✉$❛❞♦$ ♣❡❧❛ ❛45♦ ❡ ❛ ✐♥&❡2❛45♦

❞❡ ✐♥❞✐✈A❞✉♦$ ❞❡ ❢♦2♠❛ ♣2❛&✐❝❛♠❡♥&❡ ❛❧❡❛&E2✐❛✳❆$ ✐♥&❡2❛4;❡$ ❡♥&2❡ ♦$ ♠❡♠❜2♦$ ❞❡ ✉♠❛

❡$&2✉&✉2❛ $♦❝✐❛❧ $❡ ❞5♦ ♥5♦ ❛♣❡♥❛$ ❡♥&2❡ ✐♥❞✐✈A❞✉♦$ ♠❛$ &❛♠❜)♠ ❡♥&2❡ ♦$ $❡✉$ ❣2✉♣♦$ ❞❡

✐♥❞✐✈A❞✉♦$✳

◆5♦ ❤> ✉♠❛ ❞❡✜♥✐45♦ ✉♥✐✈❡2$❛❧ ❞♦ /✉❡ ♣♦❞❡ $❡2 ❝♦♥$✐❞❡2❛❞♦ ✉♠ ❣2✉♣♦✳ ●2✉♣♦$

♣♦❞❡♠ &❡2 ✈>2✐♦$ ♠❡♠❜2♦$✱ ❡$&✐❧♦$ ❞❡ ❝♦♠✉♥✐❝❛45♦✱ ❡ ❡$&2✉&✉2❛$✳ ❆❧❣✉♠❛$ ♣❡$/✉✐$❛$

✐❞❡♥&✐✜❝❛2❛♠ ❛❧❣✉♥$ 2❡/✉✐$✐&♦$✿ ✐♥&❡2❞❡♣❡♥❞1♥❝✐❛ ✭❛❧❣✉♠ ❣2❛✉ ❞❡ ❞❡♣❡♥❞1♥❝✐❛ ❞♦$ ♦✉&2♦$

♠❡♠❜2♦$ ❞♦ ❣2✉♣♦✮✱ ✐♥&❡2❛45♦ $♦❝✐❛❧ ✭❝♦♠✉♥✐❝❛45♦ ✈❡2❜❛❧ ♦✉ ♥5♦ ✈❡2❜❛❧ ❡♥&2❡ ♦$ ♠❡♠❜2♦$

❞♦ ❣2✉♣♦✮✱ ♣❡2❝❡♣45♦ ❞♦ ❣2✉♣♦ ✭&♦❞♦$ ♦$ ♠❡♠❜2♦$ $❡ ♣❡2❝❡❜❡♠ ❝♦♠♦ ♠❡♠❜2♦$ ❞♦ ❣2✉♣♦✮✱

♦❜❥❡&✐✈♦ ❝♦♠✉♠ ✭&♦❞♦$ ♦$ ♠❡♠❜2♦$ ❞♦ ❣2✉♣♦ ♣♦$$✉❡♠ ✉♠ ♦❜❥❡&✐✈♦ ♦✉ ❛✜♥✐❞❛❞❡ ❡♠

❝♦♠✉♠✮✭❏❊❳ ❡. ❛❧✳✱ ✷✵✵✽✮✳ ■♥&❡2❛4;❡$ ❞❡ ❣2✉♣♦ ❞❡♣❡♥❞❡♠ ❞♦ ❣2❛✉ ❞❡ ❝♦♠♣❛&✐❜✐❧✐❞❛❞❡

❡♥&2❡ ♦$ ♦❜❥❡&✐✈♦$ ❞♦$ ❣2✉♣♦$✳ ❊♥&2❡ ❛$ ✐♥&❡2❛4;❡$ ❞❡ ❣2✉♣♦$ ✉$✉❛❧♠❡♥&❡ ♠♦❞❡❧❛❞❛$ ❡$&5♦✿

• ❈♦❧❛❜♦2❛45♦ ✲ &✐♣♦ ❞❡ ✐♥&❡2❛45♦ ♥❡❝❡$$>2✐❛ ♦♥❞❡ ♦$ ♦❜❥❡&✐✈♦$ ❞❡ ❞♦✐$ ❣2✉♣♦$ $5♦

❛♠♣❧❛♠❡♥&❡ ❝♦♠♣❛&A✈❡✐$ ❡ ♣❛2❝❡✐2♦$❀

• ❈♦♠♣❡&✐45♦ ✲ ♦❝♦22❡ /✉❛♥❞♦ ❞♦✐$ ❣2✉♣♦$ ❞❡✈❡♠ ✐♥&❡2❛❣✐2 ♣❛2❛ ❛&✐♥❣✐2 ♦❜❥❡&✐✈♦$

❡$♣❡❝A✜❝♦$ /✉❡ $5♦ ❝♦♠♣❧❡&❛♠❡♥&❡ ✐♥❝♦♠♣❛&A✈❡✐$❀

• ❈♦♠♣2♦♠✐$$♦ ✲ ✐♥&❡2❛45♦ ♦♥❞❡ ♦$ ♦❜❥❡&✐✈♦$ $5♦ ♠♦❞❡2❛❞❛♠❡♥&❡ ❝♦♠♣❛&A✈❡✐$❀

✶
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• ■♥$❡&❞❡♣❡♥❞)♥❝✐❛ ✲ ❣&❛✉0 ❞❡ ❞❡♣❡♥❞)♥❝✐❛ ❡♥$&❡ ♦0 ❣&✉♣♦0 &❡❣✐❞❛ ♣❡❧♦ $✐♣♦ ❞❡ $❛&❡❢❛

❞❡0$❡0✳

❉❡ ❛❝♦&❞♦ ❝♦♠▼♦&❡$$✐ ✭▼❖❘❊❚❚■✱ ✷✵✵✷✮✱ ❛ ✉$✐❧✐③❛>?♦ ❞❡ 0✐♠✉❧❛>@❡0 ❝♦♠♣✉$❛❝✐♦♥❛✐0✱
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• ❆ $✐%✉❛<=♦ ❝♦♥$✐❞❡8❛❞❛ ♥♦ ♠♦❞❡❧♦ P ❡$♣❛❝✐❛❧♠❡♥%❡ ✉♥✐❢♦8♠❡✱ ✐$%♦ P✱ ❛$ ❝♦♥❞✐<D❡$ ❞♦

♠❡✐♦ ♥=♦ ✈❛8✐❛♠ ❝♦♠ ❛ ♣♦$✐<=♦✳

❙❡❣✉✐♥❞♦ ❡$$❛$ ❞❡❧✐♠✐%❛<D❡$✱ ❢♦✐ ♣♦$$E✈❡❧ ❢♦❝❛8 ♦ ♠♦❞❡❧♦ ♣❛8❛ 6✉❡ ❡❧❡ ♣♦$$✉❛

❝♦♥%8✐❜✉✐<D❡$ ✐♥P❞✐%❛$ ♥❛$ $✐♠✉❧❛<D❡$ ❞❡ ❝♦♠♣❡%✐<=♦ ✉%✐❧✐③❛<=♦ ❡6✉❛<D❡$ ❞♦ %✐♣♦

▲♦%❦❛✲❱♦❧%❡88❛✿

• ❖ ♠♦❞❡❧♦ %8❛%❛ ❞❛ ✐♥%❡8❛<=♦ ❡♥%8❡ ❣8✉♣♦$ ❝♦♠♣❡%✐%✐✈♦$ ❝♦♠ ♦ ✉$♦ ❞❡ ❡6✉❛<D❡$

❞✐❢❡8❡♥❝✐❛✐$ ♦8❞✐♥O8✐❛$ ❞♦ %✐♣♦ ▲♦%❦❛✲❱♦❧%❡88❛✱ ♦♥❞❡ ♦$ ❝♦❡✜❝✐❡♥%❡$ ❞❡♣❡♥❞❡♠ ❞♦$

♣❛8F♠❡%8♦$ ❞♦$ ✐♥❞✐✈E❞✉♦$ ❝♦♥$%✐%✉✐♥%❡$ ❞♦$ ❣8✉♣♦$✳
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• ❖# ❝♦❡✜❝✐❡♥*❡# #+♦ ❛*✉❛❧✐③❛❞♦# ❞✐♥❛♠✐❝❛♠❡♥*❡✱ ❢❛③❡♥❞♦ ❝♦♠ 4✉❡ ❛# ❡4✉❛56❡# ❞❡

▲♦*❦❛✲❱♦❧*❡;;❛ #❡ *♦;♥❡♠ ❡#*♦❝<#*✐❝❛#✱ *♦;♥❛♥❞♦ #✉❛ ❛♥<❧✐#❡ ♣♦; ♠>*♦❞♦# ❝❧<##✐❝♦#

✭❛♥<❧✐#❡# ❧✐♥❡❛;❡#✮ *♦;♥❡✲#❡ ✐♥✈✐<✈❡❧✳

◆❡##❛# #✐♠✉❧❛56❡# ♦# ❝❤❛♠❛❞♦# ❊#*❛❞♦# ❞♦# ✐♥❞✐✈F❞✉♦#✱ 4✉❡ ;❡♣;❡#❡♥*❛♠ ❛ 4✉❛❧

❣;✉♣♦ ❡❧❡# ♣❡;*❡♥❝❡♠✱ #+♦ ♦# ✈❛❧♦;❡# ♥✉♠>;✐❝♦# *♦♠❛❞♦# ♥♦ ✐♥*❡;✈❛❧♦ ❬✲✶❀✶❪✳ ❊##❡ ✐♥*❡;✈❛❧♦

❢♦✐ ❡#❝♦❧❤✐❞♦ #✐♠♣❧❡#♠❡♥*❡ ♣❛;❛ ;❡♣;❡#❡♥*❛; ✉♠❛ ♦♣♦#✐5+♦ ❞❡ ✈❛❧♦;❡#✳ ❙❡♥❞♦ ❛##✐♠✱ ✉♠ ❞♦#

❣;✉♣♦# ✜❝❛ ;❡♣;❡#❡♥*❛❞♦ ❝♦♠ ♦ ✐♥*❡;✈❛❧♦ ❞❡ ❬✲✶❀✲✵✳✽❪ ❡ ♦ #❡✉ ❣;✉♣♦ ❛❞✈❡;#<;✐♦ ✜❝❛ ♥❛ ♦✉*;❛

❡①*;❡♠✐❞❛❞❡ ❝♦♠ ♦ ✐♥*❡;✈❛❧♦ ❞❡ ❬✶❀✵✳✽❪✳ ❖ ❛♠❜✐❡♥*❛ ❞❛ #✐♠✉❧❛5+♦ ♥+♦ ✐;< ✐♥✢✉❡♥❝✐❛; ♥♦#

❝<❧❝✉❧♦# ❞❛# ❡4✉❛56❡# ❞❡ ❝♦♠♣❡*✐5+♦✳ ◆❡##❡ ♠♦❞❡❧♦ ♦ ❛♠❜✐❡♥*❡ #❡;✈✐;< ❛♣❡♥❛# ♣❛;❛ ✉♠❛

;❡♣;❡#❡♥*❛5+♦ ✈✐#✉❛❧ ❞❛ #✐♠✉❧❛5+♦✳ ◆+♦ ❡①✐#*❡♠ ♦❜❥❡*♦# ♦✉ ❞❡❢♦;♠✐❞❛❞❡# ♥♦ ❛♠❜✐❡♥*❡ 4✉❡

✐;+♦ ✐♥✢✉❡♥❝✐❛; ♦# ❛❣❡♥*❡#✳ ❆❧>♠ ❞✐##♦✱ ❡##❡ ❛♠❜✐❡♥*❡ > ❝♦♠♣❧❡*❛♠❡♥*❡ ❢❡❝❤❛❞♦✳ ❉❡##❛

❢♦;♠❛ ♥❡♥❤✉♠ ❛❣❡♥*❡ ✐;< #❛✐; ❞✉;❛♥*❡ ❛ #✐♠✉❧❛5+♦✱ ❛##✐♠ ❝♦♠♦ ♥❡♥❤✉♠ ❛❣❡♥*❡ ✐;< ❡♥*;❛;

♥♦ ❛♠❜✐❡♥*❡ ❞✉;❛♥*❡ ❛ #✐♠✉❧❛5+♦✳

✶✳✷ #❘❖❇▲❊▼❆

❆# #✐♠✉❧❛56❡# ❞❡##❛ ❞✐##❡;*❛5+♦ ❡♥✈♦❧✈❡♠ ❢❛#❡# ❞✐#*✐♥*❛# 4✉❡ ♣♦❞❡;+♦ #❡;

❛♥❛❧✐#❛❞❛# ✐♥❞✐✈✐❞✉❛❧♠❡♥*❡ ♦✉ ❡♠ ❝♦♥❥✉♥*♦✳ ❆ ♣;✐♠❡✐;❛ ❢❛#❡ ❛♣;❡#❡♥*❛ ✉♠ #✐#*❡♠❛

♥+♦✲❞❡*❡;♠✐♥F#*✐❝♦✱ 4✉❡ ❛*;❛✈># ❞❛# ✐♥*❡;❛56❡# ♥+♦✲❧✐♥❡❛;❡# ❞❡ #❡✉# ❛❣❡♥*❡#✱ ❛♣;❡#❡♥*❛

❞✐❢❡;❡♥*❡# ❝♦♠♣♦;*❛♠❡♥*♦# ❛ ❝❛❞❛ ♥♦✈❛ #✐♠✉❧❛5+♦✳ ❆ #❡❣✉♥❞❛ ❢❛#❡ ❝♦♥#✐❞❡;❛ ♦

❛❣;✉♣❛♠❡♥*♦ ❞♦# ✐♥❞✐✈F❞✉♦# ❝♦♥❢♦;♠❡ ❛ ❛✜♥✐❞❛❞❡ ❞❡ #❡✉# ♣❛;T♠❡*;♦# ✐♥❞✐✈✐❞✉❛✐#✱ ❡ #✐♠✉❧❛

❛ ❝♦♠♣❡*✐5+♦ ❞❡ ❣;✉♣♦# ❛*;❛✈># ❞❡ ❡4✉❛56❡# ❞✐❢❡;❡♥❝✐❛✐#✳ ❖ ♠❛✐♦; ❞❡#❛✜♦ ❞❡#*❡ *;❛❜❛❧❤♦

#❡ ❝♦♥❝❡♥*;❛ ♥❛ ❛♥<❧✐#❡ ❞♦# ;❡#✉❧*❛❞♦# 4✉❡ ❡♥✈♦❧✈❡♠ ❛ ❝♦♥❝♦♠✐*T♥❝✐❛ ❞❡#*❛# ❞✉❛# ❢❛#❡#

❞♦ ♠♦❞❡❧♦✳ ❊#*❡# ;❡#✉❧*❛❞♦#✱ 4✉❡ ❡♥✈♦❧✈❡♠ ❛❣❡♥*❡# ;❡❛❧✐③❛♥❞♦ ❞♦✐# *✐♣♦# ❞❡ ✐♥*❡;❛56❡#✱

❛# ✐♥❞✐✈✐❞✉❛✐# ❡ ❛4✉❡❧❛# ❛*;❛✈># ❞❡ #❡✉ ❣;✉♣♦✱ #+♦ *;❛❞✉③✐❞♦# ♣♦; ✉♠ #✐#*❡♠❛ 4✉❡ ♣♦##✉✐

✉♠❛ ♣❛;*❡ ❞❡*❡;♠✐♥F#*✐❝❛ ❛❧✐❛❞❛ ❛♦ ♥+♦ ❞❡*❡;♠✐♥✐#♠♦ ❞❛# ✐♥*❡;❛56❡# ✐♥❞✐✈✐❞✉❛✐#✳

✶✳✸ ❖❘●❆◆■❩❆➬➹❖ ❉❆ ❉■❙❙❊❘❚❆➬➹❖

◆♦ ❝❛♣F*✉❧♦ ❛ #❡❣✉✐;✱ #+♦ ❞❡*❛❧❤❛❞♦# ❛❧❣✉♥# *;❛❜❛❧❤♦# ;❡❧❛❝✐♦♥❛❞♦# ❛♦ *❡♠❛ ❞❡#*❛

❞✐##❡;*❛5+♦✳ ❊♠ #❡❣✉✐❞❛✱ ♥♦ ❈❛♣F*✉❧♦ ✸✱ #+♦ ❞❡♠♦♥#*;❛❞♦# ♦# ❝♦♥❝❡✐*♦# ❜<#✐❝♦# ❡#*✉❞❛❞♦#

4✉❡ #❡;✈✐;❛♠ ♣❛;❛ ❛ ❝;✐❛5+♦ ❞❛# ❡4✉❛56❡# 4✉❡ ❢♦;❛♠ ✐♠♣❧❡♠❡♥*❛❞❛# ♥♦ ♠♦❞❡❧♦ ❡ #❡;✈✐;❛♠

*❛♠❜>♠ ♣❛;❛ ❞✐;❡❝✐♦♥❛; ♦ ❢♦❝♦ ❞❛ ❞✐##❡;*❛5+♦✳ ◆♦ ❈❛♣F*✉❧♦ ✹ > ❛♣;❡#❡♥*❛❞♦ ♦ ♠♦❞❡❧♦

❞❡ ✐♥*❡;❛5+♦ #♦❝✐❛❧ ❝♦♠ ❛# ❡4✉❛56❡# ❞❡#❡♥✈♦❧✈✐❞❛# ❡ ✐♠♣❧❡♠❡♥*❛❞❛#✳ ◆♦ ❈❛♣F*✉❧♦ ✺

#❡;< ❛♣;❡#❡♥*❛❞♦ ✉♠ ❡#*✉❞♦ ❞❡ ❝❛#♦✱ ♦♥❞❡ ✉*✐❧✐③❛✲#❡ ❛# ❡4✉❛56❡# ❞✐❢❡;❡♥❝✐❛✐#✱ ♣❛;❛ #❡

❝;✐❛; ✉♠ ♠♦❞❡❧♦ ❢♦❝❛❞♦ ❡♠ ❜❛*❛❧❤❛#✳ ◆♦ ❈❛♣F*✉❧♦ ✻ ♦# ;❡#✉❧*❛❞♦# ♦❜*✐❞♦#✱ *❛♥*♦

♣❛;❛ ❛ ✈❡;✐✜❝❛5+♦ ❞♦ ♠♦❞❡❧♦ ❝♦♠♦ ♣❛;❛ ❛# #✐♠✉❧❛56❡# ❡①❡❝✉*❛❞❛#✱ #+♦ ❛♣;❡#❡♥*❛❞♦# ❡

❞❡✈✐❞❛♠❡♥*❡ ❡①♣❧✐❝❛❞♦#✳ Y♦; ✜♠✱ ♥♦ Z❧*✐♠♦ ❝❛♣F*✉❧♦✱ #+♦ ❛♣;❡#❡♥*❛❞♦# ❛❧❣✉♥# ✐♥❞F❝✐♦#

❤✐#*[;✐❝♦# ❡♥❝♦♥*;❛❞♦# 4✉❡ ♠♦#*;❛♠ ;❡❧❛5+♦ ❝♦♠ ♦# ;❡#✉❧*❛❞♦# ❡♥❝♦♥*;❛❞♦#✳
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✷ ❘❊❱■❙➹❖ ❇■❇▲■❖●❘➪❋■❈❆

❆ #❡✈✐'(♦ ❜✐❜❧✐♦❣#-✜❝❛ ❞❡'2❡ 2#❛❜❛❧❤♦ ❛♣#❡'❡♥2❛ 2#6' -#❡❛' ❞✐'2✐♥2❛'✳ ❙✐♠✉❧❛;(♦ ❞❡

❣#✉♣♦' '♦❝✐❛✐'✱ '✐♠✉❧❛;=❡' ❞❡ ♠✉❧2✐❞=❡' ❡ ❣#✉♣♦' ❡♠ ❝♦♠♣✉2❛;(♦ ❣#-✜❝❛ ❡ ❞❡ ✐♥2❡#❛;=❡'

❞❡ ♣♦♣✉❧❛;=❡'✳ ❊'2❡ 2#❛❜❛❧❤♦ ❛''♦❝✐❛ ❡'2❛' 2#6' -#❡❛' ❞❡♥2#♦ ❞♦ ❝♦♥2❡①2♦ ❞❡ '✐'2❡♠❛'

♠✉❧2✐✲❛❣❡♥2❡'✳

❙(♦ ❛❜♦#❞❛❞♦' ❛❧❣✉♥' 2#❛❜❛❧❤♦' ❞❛ -#❡❛ ❞❛ ❝♦♠♣✉2❛;(♦ ❣#-✜❝❛ A✉❡ 2#❛2❛♠ ❞❛'

✐♥2❡#❛;=❡' '♦❝✐❛✐' ❡♥2#❡ ♦' ❛❣❡♥2❡' ❡ ❛ ❧♦❝♦♠♦;(♦ ♥♦ ❛♠❜✐❡♥2❡ A✉❛♥❞♦ ❡'2(♦ ❛❣#✉♣❛❞♦'✳

❆❧B♠ ❞✐''♦✱ ❝♦♠♦ ♦ ♠♦❞❡❧♦ ♣#♦♣♦'2♦ '✐♠✉❧❛ ❛ ✐♥2❡#❛;(♦ ❡♥2#❡ ❞♦✐' ❣#✉♣♦'✱ ❢♦#❛♠ #❡✈✐'❛❞♦'

2#❛❜❛❧❤♦' A✉❡ '✐♠✉❧❛♠ ❢♦#♠❛' ❝♦❧❡2✐✈❛' '♦❝✐❛✐'✳

✷✳✶ ❙■▼❯▲❆➬➹❖ ❉❊ ●❘❯0❖❙ ❙❖❈■❆■❙

❖ 2#❛❜❛❧❤♦ ❞❡ E❛❜❥❛♥ ✭ ❆❇❏❆◆✱ ✷✵✵✸✮ ❡①♣❧✐❝❛ A✉❡ '❡ ❢♦# #❡❛❧✐③❛❞❛ ✉♠❛ ❝♦♠♣❛#❛;(♦

❡♥2#❡ ♦' ♠♦❞❡❧♦' ✉2✐❧✐③❛❞♦' ♣❡❧♦' ❢M'✐❝♦' ❡ ♦' ♠♦❞❡❧♦' ✉2✐❧✐③❛❞♦' ♣❡❧♦' '♦❝✐♦❧♦❣✐'2❛'✱ ♥♦2❛✲'❡

A✉❡ ♦' '♦❝✐♦❧♦❣✐'2❛' ♣#♦❝✉#❛♠ ♦❜2❡# ✉♠❛ ❜❛'❡ ♠❛✐' #❡❛❧M'2✐❝❛ ♣❛#❛ ♣♦❞❡# ❝♦♠♣#❡❡♥❞❡#
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$✉❛$ ❝❛2❛❝7❡25$7✐❝❛$✳ ❊$$❛$ ❝❛2❛❝7❡25$7✐❝❛$ ✐2:♦ ❞❡7❡2♠✐♥❛2 ❝♦♠♦ ❡❧❡ ✐2L ✐♥7❡2❛❣✐2 ❝♦♠ ♦$

♦✉72♦$✱ ❝♦♠♦ ✐2:♦ ❞❡7❡2♠✐♥❛2 ❝♦♠ A✉❡ ✈❡❧♦❝✐❞❛❞❡ ❡❧❡ $❡ 2❡❧❛❝✐♦♥❛✱ ❝♦♠ A✉❛✐$ ❤✉♠❛♥R✐❞❡$

❡❧❡ ♣♦$$✉❡ ✉♠❛ ✐♥7❡2❛9:♦ ♣♦$✐7✐✈❛ ❡ ❝♦♠ A✉❛✐$ ❡❧❡ 7❡♠ ✉♠❛ ✐♥7❡2❛9:♦ ♥❡❣❛7✐✈❛✳ ❈♦♠

❛$ ❝❛2❛❝7❡25$7✐❝❛$ ♣♦❞❡✲$❡ ❛$$✐♠ ❞✐✈✐❞✐2 ♦$ ❤✉♠❛♥R✐❞❡$ ❡♠ ❣2✉♣♦$ ❡ ♣❛$$❛2 ❛ ❡$7✉❞❛2

❛ 2❡❧❛9:♦ ❡♥72❡ ❡❧❡$✳ ◆❡$$❡ ♠♦❞❡❧♦✱ ♦ ♣2♦❝❡$$♦ ❞❡ ✐♥7❡2❛9:♦ ❞♦$ ❣2✉♣♦$ $❡ ✐♥✐❝✐❛ ❝♦♠



✶✾

❋■●❯❘❆ ✷✳✶ ✕ ❘❡,✉❧/❛❞♦ ❞❛ ❙✐♠✉❧❛67♦ ❞❡ ▼✉❧/✐❞9❡, ❜❛,❡❛❞❛ ❡♠ ✐♠❛❣❡♥, ✜❧♠❛❞❛,✳✭▲❊❊

❡# ❛❧✳✱ ✷✵✵✼✮

✐♥/❡C❛69❡, ✐♥❞✐✈✐❞✉❛✐, ♣❡❧♦, ❤✉♠❛♥G✐❞❡, ♣C❡,❡♥/❡, ♥♦ ,✐,/❡♠❛✳ ❆/C❛✈H, ❞❡,,❛, ✐♥/❡C❛69❡,

♦, ❤✉♠❛♥G✐❞❡, I✉❡ ♣♦,,✉JC❡♠ C❡❧❛69❡, ♣♦,✐/✐✈❛, ✐C7♦ ,❡ ❛❣C✉♣❛C ❡ ❢♦C♠❛C ♦, ❣C✉♣♦,✳ ❆♣G,

❛ ❢♦C♠❛67♦ ❞❡ ❞♦✐, ❣C✉♣♦, ❛♥/❛❣L♥✐❝♦,✱ ❡❧❡, ✐♥✐❝✐❛♠ ✉♠❛ ♥♦✈❛ ❡/❛♣❛ ♦♥❞❡ ♥7♦ ❡①✐,/❡ ♠❛✐,

✐♥/❡C❛69❡, ✐♥❞✐✈✐❞✉❛✐,✱ ❛♣❡♥❛, ❛ ✐♥/❡C❛67♦ ❡♥/C❡ ♦, ❣C✉♣♦,✱ I✉❡ ♥❡,,❡ ❝❛,♦ H ❞❡ ❝♦♠♣❡/✐67♦✳

❊♠ ❉♦❜❜②♥ ✭❉❖❇❇❨◆ ❡# ❛❧✳✱ ✷✵✵✻✮ ,7♦ ❝✐/❛❞♦, ❛❧❣✉♥, ♠H/♦❞♦, ♣❛C❛ ,✐♠✉❧❛C

♠✉❧/✐❞9❡,✱ ❡①❡♠♣❧✐✜❝❛♥❞♦ ❛, ❢♦C♠❛, ❞❡ ,❡ ❝C✐❛C ♦, ✐♥❞✐✈J❞✉♦, ❞❡ ✉♠❛ ♣♦♣✉❧❛67♦✱ ❝♦♠♦

❛♥✐♠S✲❧♦, ❡ ❛, ✐♥/❡C❛69❡, ❝♦♠ ♦, ♦✉/C♦, ✐♥❞✐✈J❞✉♦, ❡ ❝♦♠ ♦ ❛♠❜✐❡♥/❡ /❛♠❜H♠✳

❊♠ ▲❡❡ ✭▲❊❊ ❡# ❛❧✳✱ ✷✵✵✼✮ H ❛♣C❡,❡♥/❛❞♦ ✉♠ ♠H/♦❞♦ ❞❡ ,✐♠✉❧❛67♦ ❞❡ ♠✉❧/✐❞9❡,✱

❡,,❡ ♠H/♦❞♦ H ❢❡✐/♦ ❛ ♣❛C/✐C ❞❡ ❣C❛✈❛69❡, ❞❡ ♠✉❧/✐❞9❡, C❡❛✐,✱ ✉/✐❧✐③❛♥❞♦ ❝W♠❡C❛, ❝♦♠

✈✐,7♦ /♦♣♦❣CS✜❝❛✳ ❉❡,,❛, ❣C❛✈❛69❡, ,❡ ❡①/C❛✐ ❛, /C❛❥❡/GC✐❛, ❞♦ ♠♦✈✐♠❡♥/♦ ✷❉ ❞❡ ❝❛❞❛

✐♥❞✐✈J❞✉♦ ♥❛ ♠✉❧/✐❞7♦ ❡ ❛❞✐❝✐♦♥❛✲,❡ ❡,,❛, /C❛❥❡/GC✐❛, ❛ ✉♠ ♠♦❞❡❧♦ ❞❡ ❛❣❡♥/❡,✳ ❊,,❡

♠♦❞❡❧♦ ❞❡❝✐❞❡ ❝❛❞❛ ✉♠❛ ❞❛, ❛69❡, ❞♦, ✐♥❞✐✈J❞✉♦,✱ ❜❛,❡❛♥❞♦✲,❡ ♥♦, ♦❜❥❡/♦, ♣C❡,❡♥/❡, ♥♦

❝❡♥SC✐♦ ❡ /❛♠❜H♠ ♥♦, ✐♥❞✐✈J❞✉♦, ♣CG①✐♠♦,✳ ❆♣G, ❡,,❡ ♠♦❞❡❧♦ ❞❡ ❛❣❡♥/❡, ❛♣C❡♥❞❡C ❡,,❡,

❝♦♠♣♦C/❛♠❡♥/♦,✱ H ♣♦,,J✈❡❧ ❡①❡❝✉/❛C ❛, ,✐♠✉❧❛69❡,✱ ❝✉❥♦ C❡,✉❧/❛❞♦ ❡,/S ❞❡♠♦♥,/C❛❞♦ ♥❛

❋✐❣✉C❛ ✷✳✶✳ ◆❡❧❛ ♣♦❞❡✲,❡ ♣❡C❝❡❜❡C I✉❡ ❛ ,✐♠✉❧❛67♦✱ C❡♣C❡,❡♥/❛❞❛ ♣❡❧❛, ❞✉❛, ✐♠❛❣❡♥, ❞❡

❜❛✐①♦ ❡,/7♦ ,❡❣✉✐♥❞♦ ♦ ♠❡,♠♦ ♣❛❞C7♦ ❞❛, ✐♠❛❣❡♥, ❞❡ ❝✐♠❛✱ I✉❡ C❡♣C❡,❡♥/❛♠ ❛, ✐♠❛❣❡♥,

✜❧♠❛❞❛,✳

❆ ♠♦✈✐♠❡♥/❛67♦ ❞❡ ✉♠ ✐♥❞✐✈J❞✉♦ H ✐♥✢✉❡♥❝✐❛❞❛ ♣❡❧♦, ❛❣❡♥/❡, I✉❡ ❡,/7♦ ♣CG①✐♠♦,

❛ ❡❧❡✳ ❉❡/❡C♠✐♥❛✲,❡ ✉♠ ✈❛❧♦C o ✭C❛✐♦✮ I✉❡ ✈❡C✐✜❝❛ ❛ ❞✐,/W♥❝✐❛ ❛♦, ✈✐③✐♥❤♦,✳ ◗✉❛♥/♦

♠❛✐, ♣CG①✐♠♦, ❡❧❡, ❡,/✐✈❡C❡♠ ❞♦ ✐♥❞✐✈J❞✉♦✱ ♠❛✐♦C ✐♥✢✉\♥❝✐❛ ♦ ♠♦✈✐♠❡♥/♦ ❞♦ ✐♥❞✐✈J❞✉♦ ✐CS
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8♦❢4❡4✱ 8❡ ♦ ✈❛❧♦4 ❞❛ ❞✐82A♥❝✐❛ ❢♦4 ♠❛✐♦4✱ ♠❡♥♦4 ✐♥✢✉C♥❝✐❛ ❡❧❡ ✐4D 8♦❢4❡4✳ ❙❡ ❢♦4 ✉♠ ❝❛8♦

❞❡ ✈❛❧♦4 ♠❛✐♦4 F✉❡ o✱ ♥❡♥❤✉♠❛ ✐♥✢✉C♥❝✐❛ 8❡4D 8♦❢4✐❞❛✳ ❊88❛ 4❡❧❛67♦ ❞♦ o ♣♦❞❡ 8❡4 ✈✐82❛

♥❛ ❋✐❣✉4❛ ✷✳✷✳ ❆ ❢♦4♠❛67♦ ❞♦8 ✈✐③✐♥❤♦8 J ❢❡✐2❛ ❜❛8❡❛❞❛ ♥♦ 8✐82❡♠❛ ❧♦❝❛❧ ❞❡ ❝♦♦4❞❡♥❛❞❛8✱

4❡♣4❡8❡♥2❛❞♦ ♣❡❧❛8 8❡2❛8 ❛♠❛4❡❧❛8 ❞❛ ❋✐❣✉4❛ ✷✳✷✳ ❆8 ❡8❢❡4❛8 4❡♣4❡8❡♥2❛♠ ❛ ♣♦8✐67♦ ❞♦8

✈✐③✐♥❤♦8 ❞❡♥24♦ ❞♦ 4❛✐♦ ❞❡ ✐♥✢✉C♥❝✐❛ ❞♦ ✐♥❞✐✈L❞✉♦✳ ❇❛8❡❛❞♦ ♥❡88❡8 ❞❛❞♦8✱ ❛ ♠♦✈✐♠❡♥2❛67♦

❞♦ ✐♥❞✐✈L❞✉♦ J ❞❡2❡4♠✐♥❛❞❛✳

❊♠ ❑✇♦♥ ✭❑❲❖◆ ❡# ❛❧✳✱ ✷✵✵✽✮ J ❛♣4❡8❡♥2❛❞♦ ✉♠ ♠J2♦❞♦ ♣❛4❛ ❡❞✐2❛4 ♦ ♠♦✈✐♠❡♥2♦

❞❡ ❣4✉♣♦8 ❝♦♠♦ ✉♠ 2♦❞♦✱ ♠❛♥2❡♥❞♦ ❛ ❢♦4♠❛67♦ ❞♦8 ✈✐③✐♥❤♦8 ❡✱ 8❡ ♣♦88L✈❡❧✱ ❛8 24❛❥❡2R4✐❛8

✐♥❞✐✈✐❞✉❛✐8 ❞❛ ❛♥✐♠❛67♦ ♦4✐❣✐♥❛❧✳ ❖ ✉8✉D4✐♦ ♣♦❞❡ ❞❡❢♦4♠❛4 ♦ ❣4✉♣♦✱ ❝❧✐❝❛♥❞♦ ❡ ❛44❛82❛♥❞♦

♦8 ✐♥❞✐✈L❞✉♦8✳ T♦❞❡ 2❛♠❜J♠ 4❡❛❧✐③❛4 ♦ ❝4✉③❛♠❡♥2♦ ❞❡ ❞♦✐8 ❣4✉♣♦8 ❡ ♠❡8♠♦ ❛88✐♠ J

♣♦88L✈❡❧ ❞❡2❡❝2❛4 ❛ ❝♦❧✐87♦ ❡ ❡✈✐2D✲❧❛✳ ❚♦❞❛8 ❡88❛8 ❛❧2❡4❛6W❡8 ♣♦❞❡♠ 8❡4 ❢❡✐2❛8 ❞✉4❛♥2❡ ❛

8✐♠✉❧❛67♦✳ ❯♠ ❡①❡♠♣❧♦ ❞❡88❡ ♠J2♦❞♦ ♣♦82♦ ❡♠ ♣4D2✐❝❛ ❡82D ♥❛ ❋✐❣✉4❛ ✷✳✸✳ ❊❧❛ ♠♦824❛

❞♦✐8 ❝❛8♦8✱ ♦ ❝❛8♦ ✭❛✮ 4❡♣4❡8❡♥2❛ ❛ ❛♥✐♠❛67♦ ❛♥2❡8 ❞❛8 ❛❧2❡4❛6W❡8✱ ♦♥❞❡ 2❡♠✲8❡ ❞♦✐8 ❣4✉♣♦8

✐♥❞♦ ✉♠ ❡♠ ❞✐4❡67♦ ❛♦ ♦✉24♦✳ ◆♦ ❝❛8♦ ✭❜✮ ♠♦❞✐✜❝♦✉✲8❡ ♦8 ♣♦♥2♦8 ✐♥✐❝✐❛✐8 ❡ ✜♥❛✐8 ❞♦8

❣4✉♣♦8 ❡ ♠❡8♠♦ ❛88✐♠ ♦8 ✐♥❞✐✈L❞✉♦8 ♥7♦ 8❡ ❝♦❧✐❞✐4❛♠ ❡ ♠❛♥2✐✈❡4❛♠✱ ♦ ♠D①✐♠♦ ♣♦88L✈❡❧✱

❛ 24❛❥❡2R4✐❛ ♦4✐❣✐♥❛❧✳

❖ 24❛❜❛❧❤♦ ❞❡ ▲❛✐ ✭▲❆■ ❡# ❛❧✳✱ ✷✵✵✺✮ ✐♥24♦❞✉③ ♦ ❝❤❛♠❛❞♦ ●!♦✉♣ ▼♦&✐♦♥ ●!❛♣❤+

✭●▼●8✮✱ ✉♠❛ 2J❝♥✐❝❛ ❞❡ ❛♥✐♠❛67♦ ♣❛4❛ 8✐♠✉❧❛67♦ ❞❡ ❣4✉♣♦8✱ 2❛✐8 ❝♦♠♦ ❝❛4❞✉♠❡8 ♦✉

♣❡F✉❡♥❛8 ♠✉❧2✐❞W❡8✳ ❊88❛ 2J❝♥✐❝❛ ♣♦88✉✐ ✉♠ ❝♦♥❝❡✐2♦ ♣❛4❡❝✐❞♦ ❝♦♠ ♦8 ❝❤❛♠❛❞♦8 ♠♦&✐♦♥

❣!❛♣❤+✱ ❝♦♥824✉L❞♦8 ❛24❛✈J8 ❞♦8 ❞❛❞♦8 ❞❛ ❝❛♣2✉4❛ ❞❡ ♠♦✈✐♠❡♥2♦✱ ♣♦4J♠ ❡①✐82❡♠ ❛❧❣✉♠❛8

✐♠♣♦42❛♥2❡8 ❞✐❢❡4❡♥6❛8✿

• ❊88❡ ♠J2♦❞♦ ♣❡4♠✐2❡ 8✐♠✉❧❛4 ♠♦✈✐♠❡♥2♦8❀

• ❖8 ♥♦❞♦8 ❞❡ 24❛♥8✐67♦ 87♦ ❡♥❝♦♥24❛❞♦8 ❛24❛✈J8 ❞❡ clustering ✭❩❆■❆◆❊✱ ✷✵✶✶✮ ♥♦8

❞❛❞♦8 ❞❛ 8✐♠✉❧❛67♦ ❞❡ ❡♥24❛❞❛❀
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• ❚"❡❝❤♦' ❞❡ ❥✉♥,-♦ ❞❛' /"❛♥'✐,1❡' '-♦ ❝♦♥'/"✉2❞♦' ❛/"❛✈4' ❞❡ /"❡❝❤♦' ❞❡ '✐♠✉❧❛,1❡'✳

❆' ❛♥✐♠❛,1❡' "❡'✉❧/❛♥/❡' ❞❡''❡ ♠4/♦❞♦ ❢♦"❛♠ ❣❡"❛❞❛' ❝♦♠ ✉♠❛ ❣"❛♥❞❡ "❡❞✉,-♦ ♥♦ ❝✉'/♦

❝♦♠♣✉/❛❝✐♦♥❛❧✱ ❡♠ "❡❧❛,-♦ ❛ ♦✉/"❛' '✐♠✉❧❛,1❡' =✉❡ ✉/✐❧✐③❛♠ motion graphs✳

❈♦♥'✐❞❡"❛♥❞♦ ✉♠❛ '✐♠✉❧❛,-♦ ❝♦♠ ♠✉✐/♦' ❤✉♠❛♥@✐❞❡' 4 ♥❡❝❡''A"✐♦ ❡'❝♦❧❤❡" ✉♠❛

/4❝♥✐❝❛ ♣❛"❛ "❡♥❞❡"✐③❛" /♦❞♦' ♦' ❡❧❡♠❡♥/♦' ♣"❡'❡♥/❡' ♥❛ '✐♠✉❧❛,-♦✱ '❡♠ =✉❡ ♦ ❝✉'/♦ '❡❥❛

✐♥✈✐A✈❡❧ ♣❛"❛ ♦ "❡'✉❧/❛❞♦ ❞❛ ♠❡'♠❛✳ ❉❡♥/"❡ ❡''❛' /4❝♥✐❝❛'✱ ❡①✐'/❡ ❛ ❝❤❛♠❛❞❛ Culling

✭▲❆❯❘■▲❆✱ ✷✵✶✶✮✱ ♦♥❞❡ ❛ "❡♥❞❡"✐③❛,-♦ ❞♦' /"✐H♥❣✉❧♦' ❞♦' ♦❜❥❡/♦' ♣♦" ❢"❛♠❡ 4 "❡❞✉③✐❞❛✱

❞❡'❡♥❤❛♥❞♦ ❛♣❡♥❛' ♦ =✉❡ ❡'/A ♥♦ ❝❛♠♣♦ ❞❡ ✈✐'-♦ ❞❛ ✐♠❛❣❡♠ =✉❡ ❡'/A '❡♥❞♦ "❡♥❞❡"✐③❛❞❛✳

❊♠ ❲✉ ✭❲❯✱ ✷✵✵✺✮ "❡❝♦♠❡♥❞❛ '❡❣✉✐" ❛❧❣✉♥' ♣❛''♦' ❛♥/❡' ❞❡ '❡ ❡①❡❝✉/❛" ✉♠❛

'✐♠✉❧❛,-♦ '♦❝✐❛❧✳ ❖' ♣❛''♦' =✉❡ ❢♦"❛♠ ❝♦♥'✐❞❡"❛❞♦' "❡❧❡✈❛♥/❡' ♣❛"❛ ♦ ♠♦❞❡❧♦ ♣"♦♣♦'/♦

❢♦"❛♠✿

• ❉❡✜♥✐" ♦ ❡'❝♦♣♦ ❞❛ '✐♠✉❧❛,-♦ ❀

• ❘❡❞✉③✐" ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞♦ ♠♦❞❡❧♦✳

❉❡✜♥✐" ♦ ❡'❝♦♣♦ ❞❛ '✐♠✉❧❛,-♦ ❛❥✉❞❛ ❛ '❡ ❞❡/❡"♠✐♥❛" ✉♠❛ ❢♦"♠❛ ❞❡ ✈❛❧✐❞❛" ♦'

"❡'✉❧/❛❞♦' ♦❜/✐❞♦' ♣❡❧❛ '✐♠✉❧❛,-♦✳ ◆♦ ❝❛'♦ ❞♦ ♣"❡'❡♥/❡ ♠♦❞❡❧♦ ♦ '❡✉ ❢♦❝♦ 4 ❛ ❝♦♠♣❡/✐,-♦

❡♥/"❡ ❞♦✐' ❣"✉♣♦' ❝♦♠ ❝♦♥❝❡✐/♦' ❞✐❢❡"❡♥/❡'✳ ❖ ❡'❝♦♣♦ ❞❡''❡ ♠♦❞❡❧♦ ❢♦✐ ❞❡/❡"♠✐♥❛" ❡

❛❞✐❝✐♦♥❛" ♦' ♣❛"H♠❡/"♦' ✐♥/❡"♥♦' ❞♦' ❛❣❡♥/❡'✱ ♦' =✉❛✐' ♣♦❞❡♠ ♣♦''✐❜✐❧✐/❛" ❡ ❢❛❝✐❧✐/❛" ❛

❡♥❝♦♥/"❛" ✉♠❛ ✉/✐❧✐③❛,-♦ ♣❛"❛ ❡''❡ ♠♦❞❡❧♦✳

✷✳✸ ❙■▼❯▲❆➬*❊❙ ▲❖❚❑❆✲❱❖▲❚❊❘❘❆

❊♠ ❇"❡♥/ ✭❇❘❊◆❚ ❡+ ❛❧✳✱ ✶✾✾✾✮ 4 ❝♦♠❡♥/❛❞♦ ❛ ✐♠♣♦"/H♥❝✐❛ ❞❡ '❡ ✉/✐❧✐③❛" ❛❣❡♥/❡' ♣❛"❛

♠♦❞❡❧❛" ✐♥/❡"❛,1❡' '♦❝✐❛✐'✳ ❊❧❡ ❡①♣❧✐❝❛ ❝♦♠♦ ♦ ♠♦❞❡❧♦ ❞❡ ▲♦/❦❛✲❱♦❧/❡""❛ ✭❱❖▲❚❊❘❘❆✱

✶✾✷✻✮ 4 ✐♠♣♦"/❛♥/❡ ❡ ♣♦''✉✐ ✉♠❛ /❛①❛ ❞❡ ♣"❡❝✐'-♦ "❛③♦❛✈❡❧♠❡♥/❡ ❜♦❛✳ ▼❡'♠♦ ❛''✐♠ ❡❧❡

♣♦''✉✐ ❧✐♠✐/❛,1❡'✳

❯♠❛ ❞❛' ❝"2/✐❝❛' ❝✐/❛❞❛' ♣♦" ❇"❡♥/ 4 ❛ '✐♠♣❧✐❝✐❞❛❞❡ =✉❡ ♦ ♠♦❞❡❧♦ ❞❡ ▲♦/❦❛✲❱♦❧/❡""❛

/"❛/❛ ❛' '✐♠✉❧❛,1❡'✳ ❯♠❛ ❞❡''❛' ❧✐♠✐/❛,1❡' ♣♦❞❡ '❡" ❝♦♥'✐❞❡"❛❞❛ ❛ ❢♦"♠❛ ❡♠ =✉❡ ❛'

❡=✉❛,1❡' '-♦ ✉/✐❧✐③❛❞❛'✱ '❡♥❞♦ =✉❡ ♦' ♣"✐♠❡✐"♦' ❝♦❡✜❝✐❡♥/❡' ❞❡/❡"♠✐♥❛❞♦' ♣❛"❛ ❛' ❡=✉❛,1❡'

'❡"-♦ ✉/✐❧✐③❛❞♦' ❞✉"❛♥/❡ /♦❞❛ ❛ '✐♠✉❧❛,-♦✳ ❖ ❞❡'❡♥✈♦❧✈✐♠❡♥/♦ ❞❡''❡ ❣"✉♣♦ ♥♦ ❞❡❝♦""❡" ❞❛

'✐♠✉❧❛,-♦ ♥-♦ 4 ❝♦♥'✐❞❡"❛❞♦✳

\♦" ❝❛✉'❛ ❞❛' ❧✐♠✐/❛,1❡' ❞♦ ♠♦❞❡❧♦ ▲♦/❦❛✲❱♦❧/❡""❛✱ '❡ ♦♣/♦✉ ♣♦" ❛❞✐❝✐♦♥❛" ❡❧❡♠❡♥/♦'

=✉❡ ❝♦♥/4♠ ♠❛✐' "❡❧❛,-♦ ❝♦♠ ❛ "❡❛❧✐❞❛❞❡✳ ❯♠ ❞❡''❡' ❡❧❡♠❡♥/♦' 4 ❛ ❛/✉❛❧✐③❛,-♦ ❞♦'

❝♦❡✜❝✐❡♥/❡'✱ '❡♥❞♦ ❛''✐♠✱ ♦ ❞❡'❡♥✈♦❧✈✐♠❡♥/♦ ❞♦' ❣"✉♣♦' ❞✉"❛♥/❡ ❛ '✐♠✉❧❛,-♦ ♣♦❞❡ '❡"

❛♥❛❧✐'❛❞♦ ❡ ❛''✐♠ ✈❡"✐✜❝❛" ❛ ✐♠♣♦"/H♥❝✐❛ ❞❡❧❡ ❛♦ '❡ ♦❜/❡" ♦' "❡'✉❧/❛❞♦'✳

◆❡''❛ ❞✐''❡"/❛,-♦✱ ✉/✐❧✐③♦✉✲'❡ ♦ ♠♦❞❡❧♦ ❞❡ ▲♦/❦❛✲❱♦❧/❡""❛ ✭❱❖▲❚❊❘❘❆✱ ✶✾✷✻✮ ❝♦♠♦

❜❛'❡ ♣❛"❛ ❛ ❝"✐❛,-♦ ❞♦ ♠♦❞❡❧♦✳ \♦" ✐''♦✱ ❝♦♥'✐❞❡"❛♥❞♦ ♦ '❡❣✉♥❞♦ ♣❛''♦ ❞❡ ❲✉

✭✷✵✵✺✮✱ ❢♦✐ ✉/✐❧✐③❛❞❛ ❛ '✐♠♣❧✐✜❝❛,-♦ ❞♦ ♠♦❞❡❧♦ ❢❡✐/❛ ♣♦" ▼✉""❛② ✭▼❯❘❘❆❨✱ ✶✾✽✾✮✳ ❊''❛



✷✸

❋■●❯❘❆ ✷✳✹ ✕ ❈♦♠♣♦/0❛♠❡♥0♦ ❞♦ 5✐50❡♠❛ ❞❡ 0/75 ❜❛❝0:/✐❛5✳

5✐♠♣❧✐✜❝❛=>♦ ❢♦✐ ❞❡ ❣/❛♥❞❡ ❛✉①C❧✐♦ ♥❛ ❝♦♥50/✉=>♦ ❞♦ ♠♦❞❡❧♦✱ ❛55✐♠ ❝♦♠♦ ♥❛ ✈❡/✐✜❝❛=>♦

❞❛ ✐♠♣❧❡♠❡♥0❛=>♦ ❞♦ ♠♦❞❡❧♦✳ ❊55❛ 5✐♠♣❧✐✜❝❛=>♦ : ❡①♣❧✐❝❛❞❛ ♥♦ ❈❛♣C0✉❧♦ ✸✳

❈♦♠♦ ♥♦ 0/❛❜❛❧❤♦ ❞❡ ❱✐❧❧❛♠✐❧ ✭❱■▲▲❆▼■▲ ❡& ❛❧✳✱ ✷✵✵✺✮✱ ❡55❡ 0/❛❜❛❧❤♦ 0❛♠❜:♠

❛♣/❡5❡♥0❛ ✉♠❛ 5✐♠✉❧❛=>♦ ❝♦♠ ❝♦♥♦0❛=>♦ 5♦❝✐❛❧✱ ♠❛5 ♥❡50❡ ❝❛5♦ ♥>♦ 5❡ 0❡♠ ✐♥0❡/❡55❡

♥❛ ♠❛♥❡✐/❛ ❝♦♠♦ ♦ ❣/✉♣♦ 5❡ ❞❡5❧♦❝❛ ❡♠ ❝❡♥❛✳ ❆ M/❡❛ ❞❡ ✐♥✢✉7♥❝✐❛✱ ♣♦/ ❡①❡♠♣❧♦✱ ♥>♦

0❡♠ ♦ ♠❡5♠♦ 5✐❣♥✐✜❝❛❞♦ ❡♠ 0❡/♠♦5 ❞❡ ❡5♣❛=♦ ♣❡55♦❛❧ ❡♠ ✉♠❛ ♠✉❧0✐❞>♦✳ ❆ M/❡❛ ❞❡

✐♥✢✉7♥❝✐❛✱ ♥❡50❡ ❝❛5♦✱ ♣♦❞❡ 5❡/ ❝♦♥5✐❞❡/❛❞❛ ❝♦♠♦ ✉♠❛ ❛♥❛❧♦❣✐❛ O ✐♥✢✉7♥❝✐❛ ❞❡ ✉♠ ❣/❛♥❞❡

❛♣/❡5❡♥0❛❞♦5 ❡♠ ✉♠❛ ❣/❛♥❞❡ ♣♦♣✉❧❛=>♦ ❛0/❛✈:5 ❞❛ 0❡❧❡✈✐5>♦✱ ♣♦/ ❡①❡♠♣❧♦✳

❖ ♠♦❞❡❧♦ ❞❡ ❋/❡② ✭❋❘❊❨✱ ✷✵✶✵✮✱ /❡♣/❡5❡♥0❛ ✉♠ 5✐50❡♠❛ ❞❡ ❜❛❝0:/✐❛5 S✉❡ 5❡❣✉❡ ❛

❋✐❣✉/❛ ✷✳✹✳ ◆❡55❡ 5✐0❡♠❛✱ 0❡♠♦5 ❛ ❡5♣:❝✐❛ ❆ S✉❡ : ♣/❡❞❛❞♦/❛ ❞❛ ❡5♣:❝✐❡ ❇✳ ❆ ❡5♣:❝✐❡ ❇ :

♣/❡❞❛❞♦/❛ ❞❛ ❡5♣:❝✐❡ ❈✳ ❊ ♣♦/ ✜♠✱ ❛ ❡5♣:❝✐❡ ❈ : ♣/❡❞❛❞♦/❛ ❞❛ ❡5♣:❝✐❡ ❆✳ V❛/❛ ❞❡0❡/♠✐♥❛/

❛ ✐♥0❡/❛=>♦ ❞❡55❛5 ❡5♣:❝✐❡5✱ 5>♦ ✉0✐❧✐③❛❞❛5 ❛5 ❡S✉❛=X❡5 ❞❡ ▲♦0❦❛✲❱♦❧0❡//❛✳

❆5 ❡S✉❛=X❡5 ❞❡♠♦♥50/❛♠ ✉♠ 5✐50❡♠❛ ❝C❝❧✐❝♦✱ ♦♥❞❡ ❞❡♣❡♥❞❡♥❞♦ ❞❛5 ❝♦♥❞✐=X❡5 ❞❡ ✉♠

❞♦5 ❣/✉♣♦5✱ ♦ ♦✉0/♦ : ❢❛✈♦/❡❝✐❞♦✱ ❝♦♠♦ ♣♦❞❡ 5❡/ ✈✐50♦ ♥❛ ❋✐❣✉/❛ ✷✳✺✳ ❆♣\5 ❛♥❛❧✐5❛/ ❡55❡

5✐50❡♠❛ ❣❡/❛❞♦ ♣❡❧❛5 ❡S✉❛=X❡5 ❞❡ ▲♦0❦❛✲❱♦❧0❡//❛✱ ❡55❡ ♠❡5♠♦ ♠♦❞❡❧♦ : ❛♣❧✐❝❛❞♦ ❡♠ ✉♠

❝❛5♦ /❡❛❧✳

◆♦ ♠♦❞❡❧♦ ❞❡ ❈❛50✐❛✉① ✭❈❆❙❚■❆❯❳ ❡& ❛❧✳✱ ✷✵✵✹✮ 5❡ ❛✈❛❧✐❛ ❛5 ❢♦/♠❛5 ❞❡ ✐♥0❡/❛=>♦

❡♥0/❡ ❞✐✈❡/5♦5 5❡0♦/❡5 ❞❡♥0/♦ ❞❡ ✉♠❛ ♦/❣❛♥✐③❛=>♦✳ ❖✉ ❞❡ ✐♥0❡/❛=X❡5 ❡♥0/❡ ♦/❣❛♥✐③❛=X❡5

S✉❡ ❡50❡❥❛♠ 0/❛❜❛❧❤❛♥❞♦ ❥✉♥0♦ ❡♠ ✉♠ ♠❡5♠♦ ♣/♦❥❡0♦✳ ❖ ♠♦❞❡❧♦ ✉0✐❧✐③❛ ❛5 ❡S✉❛=X❡5 ❞❡

▲♦0❦❛✲❱♦❧0❡//❛ ♣❛/❛ 5✐♠✉❧❛/ ❡55❛ ✐♥0❡/❛=>♦ ✉0✐❧✐③❛♥❞♦ ❛ ❝❤❛♠❛❞❛ ✧knowledge building✧✶

✭❑❇✮✳

❆♦ 5❡ ✉0✐❧✐③❛/ ♦ ♠♦❞❡❧♦ ❞❡ ▲♦0❦❛✲❱♦❧0❡//❛ ♣❛/❛ ❞❡5❝/❡✈❡/ ❛ /❡❧❛=>♦ ❡♥0/❡ ❡55❛5
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❋■●❯❘❆ ✷✳✺ ✕ ●+,✜❝♦ ❝♦♠ ❛ ❞✐45+✐❜✉✐89♦ ❞♦4 +❡4✉❧5❛❞♦4 ♥♦ 4✐45❡♠❛ ❞❡ ❜❛❝5=+✐❛4✳

♦+❣❛♥✐③❛8@❡4✱ 4❡ ❝❤❡❣❛ ❛ ❝♦♥❝❧✉49♦ ❞❡ C✉❡ ♦ ♠♦❞❡❧♦ ♣+❡4❛✲♣+❡❞❛❞♦+ 4❡ 5♦+♥❛ ❜❛45❛♥5❡

❡✜❝❛③✱ ♣♦✐4✱ ❝♦♥4✐❞❡+❛ ✉♠❛ ❞❛4 ♦+❣❛♥✐③❛8@❡4 4❡♥❞♦ ♦ ♣+❡❞❛❞♦+✱ ♣♦+ ♥❡❝❡44✐5❛+ ❞♦4 +❡❝✉+4♦4

❞❡ ♦✉5+❛ ♦+❣❛♥✐③❛89♦ ❡ ❛ ♦✉5+❛ ♦+❣❛♥✐③❛89♦ 4❡♥❞♦ ❛ ♣+❡4❛✱ ♣♦+ ❢♦+♥❡❝❡+ ❡44❡4 +❡❝✉+4♦4✳

❊44❡ ♠♦❞❡❧♦ ❝♦♥4✐❞❡+❛ C✉❡ ❛ ♣+❡4❛ = ✉♠ ✧❧❛❜♦+❛5I+✐♦ ❞❡ ❝♦♥❤❡❝✐♠❡♥5♦✧✱ C✉❡

❝♦♥4❡❣✉❡ ❣❡+❛+ ♥♦✈♦4 ❝♦♥❤❡❝✐♠❡♥5♦4 ❣+❛8❛4 ❛♦4 4❡✉4 ❝♦♥5❛5♦4 ❡ ❝+✐❛5✐✈✐❞❛❞❡✳ ❊ ♦ ♣+❡❞❛❞♦+

= ❝♦♥4✐❞❡+❛❞❛ ✉♠❛ ✧✉4✐♥❛ ❞❡ ❝♦♥❤❡❝✐♠❡♥5♦✧✱ C✉❡ ♣♦44✉✐ ♠✉✐5♦4 +❡❝✉+4♦4 ♣❛+❛ ❡①♣❧♦+❛+

♣❛+5❡ ❞❡44❡ ♥♦✈♦ ❝♦♥❤❡❝✐♠❡♥5♦✳

❆♣I4 ♦ 5=+♠✐♥♦ ❞❡44❡ ♠♦❞❡❧♦✱ ♦ 5+❛❜❛❧❤♦ ❞❡ ❑♦❞❛♠❛ ✭❑❖❉❆▼❆✱ ✷✵✵✸✮ ✉5✐❧✐③❛ ♦

♠♦❞❡❧♦ ❞❡ ❈❛45✐❛✉① ❡ ♦ ❛♣❧✐❝❛ ❝♦♠ 4✉❝❡44♦ ❡♠ ✉♠❛ ❡♠♣+❡4❛ ❞❡ 5❡❧❡❝♦♠✉♥✐❝❛89♦ ❥❛♣♦♥❡4❛✳
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❛ ❧♦♥❣♦ 5❡+♠♦ ✭macro− evolution✮✳
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✉♠ ♣❛❞+9♦ ❡♥❝♦♥5+❛❞♦ ♥♦ ❡❝♦44✐5❡♠❛ +❡❛❧✳

❊♠ ❱✐❦5♦+ ✭❱■❑❚❖❘✱ ✷✵✵✼✮ ✉5✐❧✐③❛✲4❡ ♦ ♠♦❞❡❧♦ ❞❡ ♣+❡4❛✲♣+❡❞❛❞♦+ ❞❡ ▲♦5❦❛✲❱♦❧5❡++❛ ❡
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✐♥✈❡45✐♠❡♥5♦4 ❡459♦ ❡♠ ❛❧5❛ ❡✱ ❞❡✈✐❞♦ ❛ 5♦❞♦ ❡44❡ ✐♥✈❡45✐♠❡♥5♦ +❡C✉✐4✐5❛+ ♠❛✐4 ♠9♦ ❞❡
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❝❡+5❛ ❢♦+♠❛✱ ♦4 ❧✉❝+♦4 ❛✐♥❞❛ ♣♦44✉❡♠ ✉♠ ❛❝+=4❝✐♠♦ ❞❡✈✐❞♦ ❛ ♠❡♥♦4 ❣❛45♦4✳
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5❛①❛- ❞❡ ❡✈♦❧✉BC♦ ❞♦- ✧living fossils✧♣❡)♠✐5❡♠ ✉♠❛ ♠❛✐♦) -♦❜)❡✈✐✈0♥❝✐❛ ♣❛)❛ ♦ -❡✉

❣)✉♣♦✳

❆♣F- ✉♠ ❡-5✉❞♦ -♦❜)❡ ♦ ❝♦♠♣♦)5❛♠❡♥5♦ -♦❝✐❛❧ ❞❡ ♣❡--♦❛-✱ -❡❥❛ ❡♠ ❣)✉♣♦- ♦✉

✐♥❞✐✈✐❞✉❛❧♠❡♥5❡✱ ♦❜-❡)✈❛✲-❡ :✉❡ ♣♦❞❡✲-❡ ✉5✐❧✐③❛) ♠♦❞❡❧♦- ♠❛5❡♠95✐❝♦- ❡ 5=❝♥✐❝❛- ❞❡

❝♦♠♣✉5❛BC♦ ❣)9✜❝❛ ♣❛)❛ 5❡♥5❛) -✐♠✉❧❛) ❡--❡- ❝♦♠♣♦)5❛♠❡♥5♦-✳ ❖❜-❡)✈❛✲-❡ :✉❡ ♦ ♠♦❞❡❧♦

♣)❡-❛✲♣)❡❞❛❞♦) ❞❡ ▲♦5❦❛✲❱♦❧5❡))❛ ❛♣)❡-❡♥5❛ ✉♠❛ ❛❧5❡)♥❛5✐✈❛ -F❧✐❞❛ ♣❛)❛ -❡ ❞❡-❡♥✈♦❧✈❡)

✉♠ ♠♦❞❡❧♦✳ ❖ ♣)✐♠❡✐)♦ ♣❛--♦ ♣❛)❛ ❛ ❝)✐❛BC♦ ❞❡ ✉♠ ♥♦✈♦ ♠♦❞❡❧♦ = ✉♠ ❡-5✉❞♦ ❛ ♣❛)5✐)

❞♦- ❝♦♥❝❡✐5♦- ❜9-✐❝♦- ❞♦- ♠♦❞❡❧♦- ❞❡ ❝♦♠♣❡5✐BC♦✳
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❞♦ ♦✉)5♦✳
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dN

dt
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, ✭✸✳✸✮
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• N1 ❡ N2 )❡♣)❡$❡♥&❛♠ ♦ ♥H♠❡)♦ ❞❡ ✐♥❞✐✈I❞✉♦$ ❞♦ ❣)✉♣♦ ✶ ✭G1✮ ❡ ❞♦ ❣)✉♣♦ ✷ ✭G2✮

)❡$♣❡❝&✐✈❛♠❡♥&❡❀

• r1 ❡ r2 $B♦ ❛$ )❡$♣❡❝&✐✈❛$ &❛①❛$ ❞❡ ❝)❡$❝✐♠❡♥&♦❀

• K1 ❡ K2 $B♦ ❛$ ❝❛♣❛❝✐❞❛❞❡$ ❞❡ $✉❜$✐$&M♥❝✐❛ ❞♦ ❣)✉♣♦ ✶ ✭G1✮ ❡ ❞♦ ❣)✉♣♦ ✷ ✭G2✮✱

)❡$♣❡❝&✐✈❛♠❡♥&❡❀

• ♦ b12 ❡ b21 $B♦ ❛$ ♠❡❞✐❞❛$ ❞♦ ❡❢❡✐&♦ ❝♦♠♣❡&✐&✐✈♦ ❞❡ N2 ❡♠ N1 ❡ N1 ❡♠ N2

)❡$♣❡❝&✐✈❛♠❡♥&❡❀

❆ ♣❛)&✐) ❞❛$ ❡.✉❛AC❡$✱ ✭✸✳✸✮ ❡ ✭✸✳✹✮✱ ♦ ♠♦❞❡❧♦ ❞❡$$❛ ❞✐$$❡)&❛AB♦ ❢♦✐ ❞❡$❡♥✈♦❧✈✐❞♦ ❡

♥♦ ❝❛♣I&✉❧♦ ✹ $❡)2 ❡①♣❧✐❝❛❞♦ .✉❡ ❛❧&❡)❛AC❡$ ❢♦)❛♠ ❢❡✐&❛$ ❛♥&❡$ ❞❡ $❡)❡♠ ✐♠♣❧❡♠❡♥&❛❞❛$✳

✸✳✷✳✷ ❙✐♠♣❧✐✜❝❛(3♦ ❞♦ ▼♦❞❡❧♦ ❞❡ ▲♦1❦❛✲❱♦❧1❡==❛

❆❧@♠ ❞❛$ ❡.✉❛AC❡$ ❞❡ ▲♦&❦❛✲❱♦❧&❡))❛ ✭✸✳✸✮ ❡ ✭✸✳✹✮✱ ❢♦)❛♠ ❡$&✉❞❛❞❛$ ❛$ $✐♠♣❧✐✜❝❛AC❡$

❞❡$$❛$ ❡.✉❛AC❡$✱ ✭▼❯❘❘❆❨✱ ✶✾✽✾✮✳ ❆$ $✐♠♣❧✐✜❝❛AC❡$ ❢♦)❛♠ ❢❡✐&❛$✱ ♣❛)❛ ❢❛❝✐❧✐&❛) ♦ ❡$&✉❞♦

❞❛$ ❡.✉❛AC❡$ )❡❞✉③✐♥❞♦ ♦ ♥H♠❡)♦ ❞❡ ♣❛)F♠❡&)♦$ ✭r1✱ r2✱ b12✱ b21✱ K1✱ K2✮ ❞❛$ ❡.✉❛AC❡$

♦)✐❣✐♥❛✐$✳ ❋❡✐&❛ ❛ $✐♠♣❧✐✜❝❛AB♦✱ ❞❡ $❡✐$ ♣❛)F♠❡&)♦$✱ &❡♠✲$❡ ❛♣❡♥❛$ &)M$ ♣❛)F♠❡&)♦$ ✭ρ✱ a12✱

a21✮✱ ❝♦♠♦ ♣♦❞❡ $❡) ✈✐$&♦ ♥♦$ ♣❛)F♠❡&)♦$ $✐♠♣❧✐✜❝❛❞♦$ ❛❜❛✐①♦✿

u1 =
N1

K1

; ✭✸✳✺✮

u2 =
N2

K2

; ✭✸✳✻✮

τ = r1t; ✭✸✳✼✮



✸✵

ρ =
r2

r1
; ✭✸✳✽✮

a12 = b12
K2

K1

; ✭✸✳✾✮

a21 = b21
K1

K2

; ✭✸✳✶✵✮

(♦* ✜♠ ❛. ❡0✉❛23❡. ✜❝❛♠ ♦ .❡❣✉✐♥8❡✿

du1

dτ
= u1(1− u1 − a12u2); ✭✸✳✶✶✮

du2

dτ
= ρu2(1− u2 − a21u1). ✭✸✳✶✷✮

❆ ♣❛*8✐* ❞❡..❛. ♥♦✈❛. ❡0✉❛23❡.✱ ✭✸✳✶✶✮ ❡ ✭✸✳✶✷✮✱ @ ♣♦..A✈❡❧ ❡♥❝♦♥8*❛* ❛. .❡❣✉✐♥8❡.

.♦❧✉23❡. ❡.8❛❝✐♦♥C*✐❛. ♣❛*❛ ♦. ✈❛❧♦*❡. ❞❡ u∗1 ❡ u∗2 ✿

u∗1 = 0, u∗2 = 0; ✭✸✳✶✸✮

u∗1 = 1, u∗2 = 0; ✭✸✳✶✹✮

u∗1 = 0, u∗2 = 1; ✭✸✳✶✺✮

u∗1 =
1− a12

1− a12a21
, u∗2 =

1− a21

1− a12a21
. ✭✸✳✶✻✮
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♣♦♥8♦. ♣❛*❛ ♦♥❞❡ ♦ .✐.8❡♠❛ ✐*C 8❡♥❞❡*✳ ❈♦♠♦ ♦. ♣♦♥8♦. .J♦ *❡♣*❡.❡♥8❛❞♦. ♣♦* ❞✉❛.
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*❡.♣❡❝8✐✈♦ ❣*✉♣♦✱ ♦ ♣♦♥8♦ ❛8*❛8♦* ♠♦.8*❛ 0✉❛♥8♦. ❛❣❡♥8❡. ✐*J♦ ❡.8❛* ❡♠ ❝❛❞❛ ❣*✉♣♦ ♥♦

✜♥❛❧ ❞❛ .✐♠✉❧❛2J♦✳ ❖ ❝❛.♦ ♦♥❞❡ ♦. ❞♦✐. ❣*✉♣♦. .J♦ ❡①8❡*♠✐♥❛❞♦. ❝♦**❡.♣♦♥❞❡ ❛ .♦❧✉2J♦

✭✸✳✶✸✮✳ ❖ ❝❛.♦ ♦♥❞❡ ❛♣❡♥❛. ♦ ❣*✉♣♦ ✶ .♦❜*❡✈✐✈❡ ✭✸✳✶✹✮✳ ❆♥8❛❣♦♥✐❝❛♠❡♥8❡✱ ❛♣❡♥❛. ♦ ❣*✉♣♦

✷ .♦❜*❡✈✐✈❡ ✭✸✳✶✺✮ ❡ ♦ ❝❛.♦ ♦♥❞❡ ♦. ❞♦✐. ❣*✉♣♦. ❝♦❡①✐.8❡♠ ♥♦ .✐.8❡♠❛ ✭✸✳✶✻✮✳

❖. ✈❛❧♦*❡. ♦❜8✐❞♦. ❛8*❛✈@. ❞♦. ♣❛*N♠❡8*♦. ✭✸✳✶✻✮ .O 8P♠ *❡❧❡✈N♥❝✐❛ 0✉❛♥❞♦ ♦. ✈❛❧♦*❡.

❞❡ u∗1 ❡ u∗2 ❢♦*❡♠ ♠❛✐♦*❡. 0✉❡ ③❡*♦✳ (♦✐.✱ .❡ ✉♠ ❞♦. ✈❛❧♦*❡. ❞❡ u ❢♦* ♠❡♥♦* 0✉❡ ③❡*♦✱ ✐..♦

.✐❣♥✐✜❝❛ 0✉❡ ✉♠ ❞♦. ❣*✉♣♦. ❢♦✐ ❡①8✐♥8♦✳

(❛*❛ ❢❛❝✐❧✐8❛* ❛ ✐♠♣❧❡♠❡♥8❛2J♦ ❞♦ ♠♦❞❡❧♦ ❞❛ ❞✐..❡*8❛2J♦ ❛. ♥♦✈❛. ❡0✉❛23❡.

.✐♠♣❧✐✜❝❛❞❛. ✭✸✳✶✶✮ ❡ ✭✸✳✶✷✮ ❢♦*❛♠ ❛❧8❡*❛❞❛.✳ ❊..❛ ❛❧8❡*❛2J♦ ❝♦♥.✐.8❡ ❡♠ ✉♠❛ .✐♠♣❧❡.

.✉❜.8✐8✉✐2J♦ ❞♦. ♣❛*N♠❡8*♦. ♥♦✈♦. ✭ρ✱ a12✱ a21✮ ♣❡❧♦. ♣❛*N♠❡8*♦. ❛♥8✐❣♦. ✭r1✱ r2✱ b12✱ b21✱

K1✱ K2✮✱ *❡.✉❧8❛♥❞♦ ♥❛. ❡0✉❛23❡. ✭✸✳✶✼✮✳



N∗

1 =
K1 − b12K2

1− b12b21
, N∗

2 =
K2 − b21K1

1− b12b21
;

a12 a21

a

A

a12 a21

separatrix

I u2

II

a12 a21 u1

u1





a12 a21

u2
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❢♦✐ ❞❡%❡♥✈♦❧✈✐❞♦ ♦ ♠♦❞❡❧♦ ❛♣*❡%❡♥(❛❞♦ ♥❡%%❛ ❞✐%%❡*(❛9:♦✳ ❊%%❡ ♠♦❞❡❧♦ ✈✐%❛ %✐♠✉❧❛* ❞♦✐%
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❆ ❝❛❞❛ ✐(❡*❛9:♦✱ ❛% ❡B✉❛9C❡% ❞❡ ❝♦♠♣❡(✐9:♦ %:♦ ❝❛❧❝✉❧❛❞❛% ❡ %❡✉% ✈❛❧♦*❡% ❡%(:♦ ❞❡

❛❝♦*❞♦ ❝♦♠ ♦% ✈❛❧♦*❡% ♣❛%%❛❞♦% ♣❡❧♦% ♣❛*K♠❡(*♦% ✐♥❞✐✈✐❞✉❛✐% ❞♦% ❞♦✐% ❣*✉♣♦% ❡ ❞♦% ❛❣❡♥(❡%

❞❡%❛❣*✉♣❛❞♦% ✭❉✮✳

❈♦♠ ♦% *❡%✉❧(❛❞♦% ❝❛❧❝✉❧❛❞♦%✱ ❛% ❡B✉❛9C❡% ❞❡(❡*♠✐♥❛♠ B✉❛♥(♦% ✐♥(❡❣*❛♥(❡% ❝❛❞❛

❣*✉♣♦ ✐*D ❝♦♥(❡* ❡ ❝❛❞❛ ♥♦✈♦ ✐♥(❡❣*❛♥(❡ ✐*D ♣❛%%❛* ❞❡ ❞❡%❛❣*✉♣❛❞♦ ♣❛*❛ ✉♠ ❞♦% ❣*✉♣♦%✳

❖✉ ❡♠ ❝❛%♦ ❞❡ ♥:♦ ❡①✐%(✐* ♠❛✐% ♥❡♥❤✉♠ ❛❣❡♥(❡ ❞❡%❛❣*✉♣❛❞♦✱ ♦% ❛❣❡♥(❡% ✈:♦ (*♦❝❛♥❞♦

❡♥(*❡ ♦ ●*✉♣♦ ✶ ❡ ♦ ●*✉♣♦ ✷ ✭❈✮✳

❆❧A♠ ❞❡ %❡ ❛✈❛❧✐❛* ♦ ❝♦♠♣♦*(❛♠❡♥(♦ B✉❡ ❛% ❛(✉❛❧✐③❛9C❡% ❞♦% ♣❛*K♠❡(*♦% ✐*:♦ ❣❡*❛*✱

❡①✐%(❡ ❛ ❋❛%❡ ✸✱ ♦✉(*❛ ❝♦♥(*✐❜✉✐9:♦ ❞❡%%❛ ❞✐%%❡*(❛9:♦✳ ❖ ❝♦♠♣♦*(❛♠❡♥(♦ ❞❛ ❋❛%❡ ✸ ❝♦♥%✐%(❡

❜❛%✐❝❛♠❡♥(❡ ❞♦ ❝♦♥❝❡✐(♦ ❞❛ ❋✐❣✉*❛ ✹✳✷✳ ❆ ❋❛%❡ ✸ (❡♠ (♦❞♦ ♦ ❢✉♥❝✐♦♥❛♠❡♥(♦ ❞❛ ❋✐❣✉*❛ ✹✳✶✱

♣♦*A♠ ❛ ❋❛%❡ ✶ ✜❝❛ ❛❝✐♦♥❛❞❛ ❞✉*❛♥(❡ (♦❞❛ ❛ %✐♠✉❧❛9:♦✳ ❖✉ %❡❥❛✱ ❡♥B✉❛♥(♦ ❛% ❡B✉❛9C❡%

%:♦ ❝❛❧❝✉❧❛❞❛%✱ ♦% ❛❣❡♥(❡%✱ ♠❡%♠♦ ❥D ❛❣*✉♣❛❞♦% ♣♦❞❡♠ ✐♥(❡*❛❣✐* ❡♥(*❡ %✐✱ ❛❧(❡*❛♥❞♦ ♦%

%❡✉% ♣❛*K♠❡(*♦% ✐♥❞✐✈✐❞✉❛✐%✱ ❝♦♥%❡B✉❡♥(❡♠❡♥(❡ ❛❧(❡*❛♥❞♦ ♦% ♣❛*K♠❡(*♦% ❞❛% ❡B✉❛9C❡% ❡

❛(A ♠❡%♠♦ ❛❧(❡*❛♥❞♦ ❞❡ ❣*✉♣♦✳
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❆ ❝❛♣❛❝✐❞❛❞❡ ♦✉ ♣♦❞❡1 ❞❛2 ♣❡22♦❛2 ♦✉ ❝♦✐2❛2 ❞❡ ♣♦22✉31❡♠ ✉♠❛ ❢♦16❛ ♣❛1❛ ❛

♣1♦❞✉67♦ ❞❡ ❡❢❡✐8♦2 ♥❛2 ❛69❡2✱ ❝♦♠♣♦18❛♠❡♥8♦2✱ ♦♣✐♥✐9❡2 ❞♦2 ♦✉81♦2✱ ❢♦✐ ♠♦❞❡❧❛❞❛ ❡♠

8❡1♠♦2 ❞❡ ♠❛❣♥✐8✉❞❡✳ ❆ ✐♥✢✉&♥❝✐❛ > ❜❛2❡❛❞❛ ♥❛ ♣♦♣✉❧❛1✐❞❛❞❡ ✭❞✐1❡8❛ ♦✉ ✐♥❞✐1❡8❛✮ ♦✉

2✉❝❡22♦✳ ➱ 1❡♣1❡2❡♥8❛❞❛ ♣♦1 ✉♠ 1❛✐♦ ❞❡ ❛67♦ ❡♠ 8♦1♥♦ ❞♦ ❛❣❡♥8❡ ✳ ❆ A1❡❛ ❞❡28❡ ❝31❝✉❧♦ >

❞✐1❡8❛♠❡♥8❡ ♣1♦♣♦1❝✐♦♥❛❧ ❛ ✐♥✢✉&♥❝✐❛ ❞♦ ❛❣❡♥8❡✳ ❆ ♠❛✐♦1 ✐♥✢✉&♥❝✐❛ ♣♦223✈❡❧ ♥❛ 2✐♠✉❧❛67♦

❝♦11❡2♣♦♥❞❡ ❛♦ 1❛✐♦ ✐❣✉❛❧ ❛ ❧❛1❣✉1❛ ❞♦ ❝❡♥A1✐♦✱ C✉❡ ♥❡28❡ ❝❛2♦ > C✉❛❞1❛❞♦✳

❈♦♠ 2❡ ♦♣8♦✉ ♣♦1 ❞❡✜♥✐1 ♦ ✐♥8❡1✈❛❧♦ ❞❡ ❬✲✶❀✶❪ ♣❛1❛ ❞❡✜♥✐1 ♦2 ❊28❛❞♦2 ❞♦2 ❛❣❡♥8❡2✱ ❡

❝♦♠ ✐22♦ ❞❡✜♥✐1 ❛ C✉❛❧ ❣1✉♣♦ ❞❡8❡1♠✐♥❛❞♦ ❛❣❡♥8❡ ✈❛✐ ♣❡18❡♥❝❡1✳ ❚❛♠❜>♠ ❞❡ ❢♦1♠❛ 2✐♠♣❧❡2

❢♦1❛♠ ❞❡✜♥✐❞♦2 ♦2 ✐♥8❡1✈❛❧♦2 ❞❡ ❬✵❀✶❪ ♣❛1❛ 1❡♣1❡2❡♥8❛1 ❛ ■♥✢✉&♥❝✐❛ ❡ ❛ ❈♦♠✉♥✐❝❛❜✐❧✐❞❛❞❡

❞♦2 ❛❣❡♥8❡2✳ ❙❡♥❞♦ ❛22✐♠✱ ♦ ✈❛❧♦1 ✵ 1❡♣1❡2❡♥8❛ C✉❡ ♦ ❛❣❡♥8❡ ♥7♦ ♣♦22✉✐ ♥❛❞❛ ❞❡

❝♦♠✉♥✐❝❛❜✐❧✐❞❛❞❡ ❡ ♥❛❞❛ ❞❡ ✐♥✢✉&♥❝✐❛✳ ❆22✐♠ ❝♦♠♦ 2❡ ❡❧❡ ♣♦22✉✐1 ♦ ✈❛❧♦1 ✶ ❡❧❡ ♣♦22✉31❛ ♦

♠A①✐♠♦ ❞❡ ❝♦♠✉♥✐❝❛❜✐❧✐❞❛❞❡ ❡ ✐♥✢✉&♥❝✐❛ ♣♦223✈❡❧✳

P♦1 ❝❛✉2❛ ❞❡22❛2 ❝♦♥❞✐69❡2 2❡ ♦♣8♦✉ ❛ ❞❡✜♥✐1 ♦ 8❛♠❛♥❤♦ ❞♦ ❞✐R♠❡81♦ ❞❛ ❡2❢❡1❛ ❞❡

✐♥✢✉&♥❝✐❛✱ 1❡♣1❡2❡♥8❛❞♦ ♣❡❧♦ ✈❛❧♦1 ✶✱ 2❡1 ❞♦ 8❛♠❛♥❤♦ ❞♦ ❧❛❞♦ ❞♦ ♣❧❛♥♦✱ C✉❡ 1❡♣1❡2❡♥8❛ ♦

❛♠❜✐❡♥8❡ ❞♦ 2✐28❡♠❛✳ ■22♦ ❢♦✐ ❞❡✜♥✐❞♦✱ ♣♦✐2 ♥❡22❡ ♠♦❞❡❧♦✱ ❢♦✐ ❝♦♥2✐❞❡1❛❞♦ ❛♣1♦♣1✐❛❞♦ C✉❡

✉♠ ❛❣❡♥8❡✱ 2❡❥❛ ❝❛♣❛③ ❞❡ ✐♥✢✉❡♥❝✐❛1 ❛ 8♦❞♦2✳

❈♦♠♠✉♥✐❝❛❜✐❧✐❞❛❞❡ ✭✈✮

❆ ❣1❛✉ ❞❡ ❝♦♠✉♥✐❝❛❜✐❧✐❞❛❞❡ ❞♦2 ❛❣❡♥8❡2 > 1❡♣1❡2❡♥8❛❞♦ ♣❡❧❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ 81♦❝❛

❞❡ ♣❡♥2❛♠❡♥8♦2✱ ♠❡♥2❛❣❡♥2 ❡ ✐♥❢♦1♠❛69❡2 ❛81❛✈>2 ❞♦ ✉2♦ ❞❡ ❧✐♥❣✉❛❣❡♠✱ 2✐♥❛✐2✱ ❡2❝1✐8❛

♦✉ ❝♦♠♣♦18❛♠❡♥8♦✳ ◆♦ ♠♦❞❡❧♦ ❞❡22❛ ❞✐22❡18❛67♦✱ ❛ ❝♦♠✉♥✐❝❛67♦ ❞❡ ❝❛❞❛ ❛❣❡♥8❡ >

1❡♣1❡2❡♥8❛❞❛ ♣♦1 2✉❛ ✈❡❧♦❝✐❞❛❞❡✱ ♥❛ C✉❛❧ ❡❧❡ ♣❡1❝♦11❡ ♦ ❡2♣❛6♦ ❞❛ 2✐♠✉❧❛67♦✳ ❖ ♥W♠❡1♦ ❞❡

✐♥8❡1❛69❡2 ❡♥✈♦❧✈❡♥❞♦ ✉♠ ❛❣❡♥8❡ ❡2♣❡❝3✜❝♦ > ♣1♦♣♦1❝✐♦♥❛❧ ❛ 2✉❛ ✈❡❧♦❝✐❞❛❞❡✳ ❖ ♣❛1R♠❡81♦

❞❡ ❝♦♠✉♥✐❝❛❜✐❧✐❞❛❞❡✱ ♠❛♥8>♠ ❛ ♠❡2♠❛ ♣1♦♣♦167♦ ❡✱ 8❛♠❜>♠✱ ❢♦✐ ♥♦1♠❛❧✐③❛❞♦ ❡♥81❡ ✵ ❡

✶ ♣❛1❛ 2✐♠♣❧✐✜❝❛1 ♦2 ❝A❧❝✉❧♦2✳

❊28❛❞♦ ✭❙ ✮

◆♦ ♠♦❞❡❧♦ ❞❡22❛ ❞✐22❡18❛67♦✱ ♦ ❡28❛❞♦ ✈❛1✐❛ ❡♥81❡ ✲✶ ❡ ✶✱ ♦♥❞❡ ♦2 ❡①81❡♠♦2 ✐♥❞✐❝❛♠

❣1❛♥❞❡ ❝♦♥✈✐❝67♦ ❡♠ 1❡❧❛67♦ ❛♦2 ❝♦♥❝❡✐8♦2 ❝♦♥❝♦11❡♥8❡2✳ ❖✉ 2❡❥❛✱ ♦ ✐♥8❡1✈❛❧♦ ❞❡ ✈❛❧♦1❡2 ❞❡

✲✵✳✽ ❛8> ✲✶ ♥♦ ♣❛1R♠❡81♦ S✱ !❡♣!❡$❡♥&❛ (✉❡ ♦ ❛❣❡♥&❡ ❡$&, ❞❡♥&!♦ ❞♦ ❣!✉♣♦ ✶ ❡✱ ♥♦ ✐♥&❡!✈❛❧♦

❞❡ ✈❛❧♦!❡$ ❞❡ ✵✳✽ ❛&5 ✶ ❡♠ S✱ !❡♣!❡$❡♥&❛ (✉❡ ♦ ❛❣❡♥&❡ ♣❡!&❡♥❝❡ ❛♦ ❣!✉♣♦ ✷✳

❈❛❞❛ ✉♠ ❞❡$$❡$ ♣❛!:♠❡&!♦$ $❡!, ✉&✐❧✐③❛❞♦ ♣❛!❛ $❡ ❝❛❧❝✉❧❛! <$ ❡(✉❛=>❡$ ❞❡ ❝♦♠♣❡&✐=?♦

❝!✐❛❞❛$ ♥❡$$❡ ♠♦❞❡❧♦ (✉❡ $?♦ ❡①♣❧✐❝❛❞❛$ ♥❛ ♣!A①✐♠❛ $❡=?♦✳

❉✉!❛♥&❡ ❛ ❋❛$❡ ✸✱ ❛ ❡(✉❛=?♦ ✹✳✶ 5 ✉&✐❧✐③❛❞❛ ♣❛!❛ !❡♣!❡$❡♥&❛! ❛ &!♦❝❛ ❞❡ ✐♥❢♦!♠❛=?♦

❡♥&!❡ ♦$ ❛❣❡♥&❡$ ❞✉!❛♥&❡ ❛$ ✐♥&❡!❛=>❡$ ✐♥❞✐✈✐❞✉❛✐$✱ ❡$$❛$ ✐♥&❡!❛=>❡$ ♦❝♦!!❡ ❞❡ ❢♦!♠❛

❝♦♠♣❧❡&❛♠❡♥&❡ ❛❧❡❛&A!✐❛✱ ♦✉ $❡❥❛✱ ♥?♦ ❡①✐$&❡ ♥❛❞❛ ✐♠♣❧❡♠❡♥&❛❞♦ ♣❛!❛ ❞❡&❡!♠✐♥❛!

♣❡!❝✉!$♦$ ❞❡ ♠♦✈✐♠❡♥&❛=?♦ ♣❛!❛ ♦$ ❛❣❡♥&❡$✳
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Si(n+1) = Si(n) +
Ij(n) ∗ Sj(n)

NT

✭✹✳✶✮

❊((❛ ❡+✉❛-.♦ ✭✹✳✶✮ 0❡♣0❡(❡♥3❛ ♦ +✉❛♥3♦ ✉♠ ❛❣❡♥3❡ ✐♥✢✉❡♥❝✐❛ ♦ ♦✉30♦✳ 90✐♠❡✐0♦✱

♦ 0❡(✉❧3❛❞♦ ❞❡ Si(n+1) = ❝♦♠♣♦(3♦ ❞♦ (❡✉ ✈❛❧♦0 ❞❡ S ❛3✉❛❧ ✭Si(n)✮✱ (♦♠❛❞♦ ❛♦ ❝?❧❝✉❧♦

❞❡ +✉❛♥3♦ ♦ ♦✉30♦ ❛❣❡♥3❡ ✐0? ✐♥✢✉❡♥❝✐❛0✳ ❖ +✉❛♥3♦ ♦ ❛❣❡♥3❡ j ✈❛✐ ✐♥✢✉❡♥❝✐❛0 ♦ ❛❣❡♥3❡ i✱

❞❡♣❡♥❞❡0? ❞♦ +✉.♦ ❢♦03❡ = ❛ ✐♥✢✉B♥❝✐❛ ❞♦ ❛❣❡♥3❡ j ❡ ❞♦ (❡✉ ✈❛❧♦0 ❞❡ ❡(3❛❞♦ S✳ ❉❡♣❡♥❞❡♥❞♦

❞♦ ❣0✉♣♦ ❞♦ ❛❣❡♥3❡ j✱ ❛ ✐♥3❡0❛-.♦ ✈❛✐ (❡0 ♣♦(✐3✐✈❛ ♦✉ ♥❡❣❛3✐✈❛✱ ♣♦✐( ♦( ✈❛❧♦0❡( ❞❡ S ❞❡

❝❛❞❛ ❣0✉♣♦ (.♦ ♦♣♦(3♦(✳ ❖ ●0✉♣♦ ✶ 3B♠ ♦( ✈❛❧♦0❡( ❞❡ ✲✶ ❛ ✲✵✳✽ ❡ ♦ ●0✉♣♦ ✷ ♣♦((✉✐ ♦(

✈❛❧♦0❡( ❞❡ ✵✳✽ ❛ ✶✳ ❆ ✐♥✢✉B♥❝✐❛ ❡ ♦ ❡(3❛❞♦ (.♦ ❞✐✈✐❞✐❞♦( ♣♦0 NT ✱ ♥I♠❡0♦ 3♦3❛❧ ❞❡ ❛❣❡♥3❡(

♥♦ (✐(3❡♠❛✱ ♣♦✐( ❛ ✐♥✢✉B♥❝✐❛ ❞❡ ❝❛❞❛ ❛❣❡♥3❡ 0❡✢❡3❡ ♥❛ ♣♦♣✉❧❛-.♦ 3♦3❛❧ ❞♦ (✐(3❡♠❛✳

❊((❛ 30♦❝❛ ❞❡ ✐♥❢♦0♠❛-.♦ ❢✉♥❝✐♦♥❛✱ +✉❛♥❞♦ ✉♠ ❛❣❡♥3❡ ❡♥30❛ ♥♦ ❤❡♠✐(❢=0✐♦ ❞❡

✐♥✢✉B♥❝✐❛ ❞❡ ♦✉30♦ ❛❣❡♥3❡✳ ❖ ❛❣❡♥3❡ +✉❡ 3❡♠ ♦ (❡✉ ❤❡♠✐(❢=0✐♦ ✧✐♥✈❛❞✐❞♦✧0❡❝❡❜❡ ✉♠

♥♦✈♦ ✈❛❧♦0 ❞❡ S ❞❡ ❛❝♦0❞♦ ❝♦♠ ❛ ❡+✉❛-.♦ ✭✹✳✶✮✳

✹✳✷ ❋❆❙❊ ✷✿ ●❘❯+❖❙ ❈❖▼+❊❚■❚■❱❖❙ ❇❆❙❊❆❉❖❙ ❊▼ ❊◗❯❆➬6❊❙

❉❊ ❉■◆➶▼■❈❆ ❉❊ +❖+❯▲❆➬6❊❙

❆ ❋❛(❡ ✷✱ 0❡♣0❡(❡♥3❛ ❛ ❡3❛♣❛ ♦♥❞❡ ❥? (❡ ♣♦((✉✐ ❞♦✐( ❣0✉♣♦( ❢♦0♠❛❞♦(✱ ❡ ❛((✐♠ ♣♦❞❡✲(❡

✐♥✐❝✐❛0 ❛ ❝♦♠♣❡3✐-.♦ ❡♥30❡ ♦( ♠❡(♠♦(✳ ❆((✐♠ +✉❡ ❛ ❋❛(❡ ✷ ✐♥✐❝✐❛✱ ✉3✐❧✐③❛✲(❡ ❛( ❡+✉❛-P❡(

❞❡ ▲♦3❦❛✲❱♦❧3❡00❛ ❛❞❛♣3❛❞❛( ♣❛0❛ (✐♠✉❧❛0 ♦ ❝♦♠♣♦03❛♠❡♥3♦ ❞♦( ❣0✉♣♦(✳ ❊((❛ ❢❛(❡ ❞♦

♠♦❞❡❧♦ ❝♦♥(✐❞❡0❛ ♦( ❛❣❡♥3❡( ❝♦♠♦ ♣❡03❡♥❝❡♥3❡( ❛ ❞♦✐( ❣0✉♣♦(✱ ❞❡✜♥✐❞♦( ♣❡❧♦( ✈❛❧♦0❡( ❞❡

S✱ ❣❡0❛❞♦( 0❛♥❞♦♠✐❝❛♠❡♥3❡ ❞✉0❛♥3❡ ❛ ❋❛(❡ ✶✳

❖( ❛❣❡♥3❡( ❛❣0✉♣❛❞♦( (.♦ ♦( ❝♦♠ S ≤ ✲✵✳✽ ✭●0✉♣♦ ✶✮ ❡ ♦( ❛❣❡♥3❡( ❝♦♠ S ≥ ✵✳✽

✭●0✉♣♦ ✷✮✱ 0❡♣0❡(❡♥3❛♥❞♦ ❣0✉♣♦( ❛♥3❛❣U♥✐❝♦(✳ ❖ 0❡(3❛♥3❡ ❞♦( ❛❣❡♥3❡(✱ +✉❡ ♣♦((✉V0❡♠ ♦

✈❛❧♦0 ❡♥30❡ ♦ ✐♥3❡0✈❛❧♦✱ ✲✵✳✼✾ ❁ S ❁ ✵✳✼✾✱ (.♦ ♦( ❞❡(❛❣0✉♣❛❞♦(✳ ❆( ❡+✉❛-P❡( ✭✹✳✷✮✲✭✹✳✹✮✱

0❡♣0❡(❡♥3❛♠ ♦ ❝?❧❝✉❧♦ ❞❛ ♠=❞✐❛ ❞♦( ✈❛❧♦0❡( ❞❡ ❙✱ ❞❡ ❝❛❞❛ ✉♠ ❞♦( ❣0✉♣♦( ❡①✐(3❡♥3❡( ♥❛

(✐♠✉❧❛-.♦✳

S1 =
1

N1

∑

S1, ✭✹✳✷✮

S2 =
1

N2

∑

S2, ✭✹✳✸✮

SR =
1

NR

∑

SR, ✭✹✳✹✮

♦♥❞❡✿

• Si✱ 0❡♣0❡(❡♥3❛ ♦ ✈❛❧♦0 ♠=❞✐♦ ❞♦ ❡(3❛❞♦ ✭S✮ ❞❡ ❝❛❞❛ ❡❧❡♠❡♥3♦ ❞♦ 0❡(♣❡❝3✐✈♦ ❣0✉♣♦✱

S1 ♣❛0❛ ♦ ❣0✉♣♦ ✶✱ S2 ♣❛0❛ ♦ ❣0✉♣♦ ✷ ❡ SR ♣❛0❛ ♦( ❞❡(❛❣0✉♣❛❞♦(✳



✸✾

• Ni✱ #❡♣#❡&❡♥(❛ ❛ *✉❛♥(✐❞❛❞❡ (♦(❛❧ ❞❡ ❛❣❡♥(❡& ♥♦ #❡&♣❡❝(✐✈♦ ❣#✉♣♦✱ N1 ♣❛#❛ ♦ ❣#✉♣♦

✶✱ N2 ♣❛#❛ ♦ ❣#✉♣♦ ✷ ❡ NR ♣❛#❛ ♦& ❞❡&❛❣#✉♣❛❞♦&✳

❖& ♣❛#7♠❡(#♦& *✉❡ &❡#9♦ ❛♣#❡&❡♥(❛❞♦& ❛ &❡❣✉✐# ❢❛③❡♠ ♣❛#(❡ ❞❛& ❡*✉❛<=❡& ✭✸✳✸✮ ❡

✭✸✳✹✮✳ ❖& ❡❢❡✐(♦& ❝♦♠♣❡(✐(✐✈♦& *✉❡ ✉♠ ❣#✉♣♦ ❡①❡#❝❡ &♦❜#❡ ♦ ♦✉(#♦ ❢♦#❛♠ ❞❡✜♥✐❞♦& ❝♦♠♦

❛& ❡*✉❛<=❡& ✭✹✳✺✮ ❡ ✭✹✳✻✮✿

b12 =

[

S2

S1

][

v2

vT

][

I2

IT

]

, ✭✹✳✺✮

b21 =

[

S1

S2

][

v1

vT

][

I1

IT

]

, ✭✹✳✻✮

♦♥❞❡✿

• S1 ❡ S2 #❡♣#❡&❡♥(❛♠ ♦& ✈❛❧♦#❡& ♠G❞✐♦& ❞❡ ❡&(❛❞♦ ❞♦ ❣#✉♣♦ ✶ ✭G1✮ ❡ ❣#✉♣♦ ✷ ✭G2✮✱

#❡&♣❡❝(✐✈❛♠❡♥(❡❀

• v1 ✱ v2 ❡ vT #❡♣#❡&❡♥(❛♠ ♦& ✈❛❧♦#❡& ♠G❞✐♦& ❞❛ ✈❡❧♦❝✐❞❛❞❡ ❞♦& ✐♥❞✐✈I❞✉♦& ❞♦ ❣#✉♣♦ ✶

✭G1✮✱ ❞♦ ❣#✉♣♦ ✷ ✭G2✮ ❡ ❞♦ (♦(❛❧ ❞❡ ❛❣❡♥(❡& ♥♦ &✐&(❡♠❛❀

• I1 ✱ I2 ❡ IT #❡♣#❡&❡♥(❛♠ ♦ #❛✐♦ ♠G❞✐♦ ❞❛ ❡&❢❡#❛ ❞❡ ✐♥✢✉K♥❝✐❛ ❞♦& ✐♥❞✐✈I❞✉♦& ❞♦ ❣#✉♣♦

✶ ✭G1✮✱ ❞♦ ❣#✉♣♦ ✷ ✭G2✮ ❡ ❞♦ (♦(❛❧ ❞❡ ❛❣❡♥(❡& ♥♦ &✐&(❡♠❛❀

❊&&❛& ❡*✉❛<=❡&✱ ❛&&✐♠ ❝♦♠♦ ❛& ❡*✉❛<=❡& ✭✹✳✼✮✱ ✭✹✳✽✮✱ ✭✹✳✾✮✱ ✭✹✳✶✵✮ ❡ ✭✹✳✶✶✮ &9♦ ❛

❢♦#♠❛ ♠❛✐& &✐♠♣❧❡& ♣❛#❛ &❡ #❡♣#❡&❡♥(❛# ♦ &❡✉ ♣❛#7♠❡(#♦✳ ❖✉ &❡❥❛✱ G ❛♣❡♥❛& ❛ ❞✐❢❡#❡♥<❛

❡♥(#❡ ♦& ✈❛❧♦#❡& ♠G❞✐♦& ❝♦♠♣❛#❛♥❞♦ ♦& ❞♦✐& ❣#✉♣♦& ♦✉ ❝♦♠♣❛#❛♥❞♦ ❛ ♣♦♣✉❧❛<9♦ (♦(❛❧ ❞♦

&✐&(❡♠❛✳ Q❛#❛ ❡&&❡ ♠♦❞❡❧♦✱ ♦& ✈❛❧♦#❡& ❞❡ ❑ ❢♦#❛♠ &✐♠♣❧✐✜❝❛❞♦&✿

K1 = K2 = NT , ✭✹✳✼✮

♦♥❞❡ NT G ♦ ♥R♠❡#♦ (♦(❛❧ ❞❡ ❛❣❡♥(❡& ♥♦ &✐&(❡♠❛✳ Q❛#❛ &❡ ❝❛❧❝✉❧❛# ♦& ♣❛#7♠❡(#♦& ❞❡

❝#❡&❝✐♠❡♥(♦ ❞♦& ❣#✉♣♦& ✉(✐❧✐③❛♠✲&❡ ❛& ❡*✉❛<=❡& ✭✹✳✽✮ ❡ ✭✹✳✾✮✳

r1 =

[

S1

SR

][

v2

vT

]

−1[
I2

IT

]

−1

✭✹✳✽✮

r2 =

[

S2

SR

][

v1

vT

]

−1[
I1

IT

]

−1

✭✹✳✾✮

♦♥❞❡✿

• SR #❡♣#❡&❡♥(❛ ♦ ✈❛❧♦# ♠G❞✐♦ ❞❡ &♦❝✐❛❜✐❧✐❞❛❞❡ ❞♦& ✐♥❞✐✈I❞✉♦& &❡♠ ❣#✉♣♦ ✭G0✮✳

❯♠❛ &❡❣✉♥❞❛ ❛❧(❡#❛<9♦ ❢❡✐(❛ ♥❡&&❛ ♣❛#(❡ ❞❛ ❡*✉❛<9♦ ❢♦✐ ❛❞✐❝✐♦♥❛# ♦ ♣❛#7♠❡(#♦ c ✿



✹✵

r1 =

[

S1

SR + c

][

v2

vT

]

−1[
I2

IT

]

−1

✭✹✳✶✵✮

r2 =

[

S2

SR + c

][

v1

vT

]

−1[
I1

IT

]

−1

✭✹✳✶✶✮

♦♥❞❡✿

• c +❡♣+❡-❡♥.❛ ♦ ❡❢❡✐.♦ ♠❛♥❛❞❛❀
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♣❛+.✐+ ❞❡ -✉❛- ✐♥.❡+❛<L❡- ❡ ❞❛ ✐♥✢✉S♥❝✐❛ 9✉❡ -♦❢+❡+❛♠ ❞❡ ♦✉.+♦- ❛❣❡♥.❡-✳ ❉❡-.❛ ♠❛♥❡✐+❛✱

-=♦ ✐♥-❡+✐❞♦- ✈❛❧♦+❡- ❞❡ ♣❛+7♠❡.+♦- ✐♥❞✐✈✐❞✉❛✐- ✭S✱ I✱ v✮ ✐♥✐❝✐❛✐- ♣+B✲❞❡.❡+♠✐♥❛❞♦- ❝♦♠♦

-❡ ❛ ❋❛-❡ ✶ ❥D .✐✈❡--❡ ♦❝♦++✐❞♦✳

◗✉❛♥❞♦ ❛ -✐♠✉❧❛<=♦ ❞❛ ❋❛-❡ ✷ B ✐♥✐❝✐❛❞❛✱ .♦❞♦- ♦- ❛❣❡♥.❡- -=♦ ♣♦-✐❝✐♦♥❛❞♦- ❞❡♥.+♦

❞❛ -✐♠✉❧❛<=♦✱ ❝♦♠ -❡✉- ♣❛+7♠❡.+♦- ✐♥.❡+♥♦- ❞❡✜♥✐❞♦-✳

❆ ❝❛❞❛ ✐.❡+❛<=♦ ❞❛- ❡9✉❛<L❡- ✭✸✳✸✮ ❡ ✭✸✳✹✮ ♦- ♣❛+7♠❡.+♦- ❞❡ ❣+✉♣♦ ✭b12✱ b21✱ K1✱K2✱

r1 ❡ r2✮ -=♦ +❡❝❛❧❝✉❧❛❞♦-✳ ❖- ♥♦✈♦- ✈❛❧♦+❡- ❞❡ N1 ❡ N2 ✐♥❞✐❝❛♠ ♦ ♥Y♠❡+♦ ❞❡ ❛❣❡♥.❡- ❡♠

❝❛❞❛ ❣+✉♣♦ ❛♣F- ❛ -✐♠✉❧❛<=♦ ❞❛ ✐♥.❡+❛<=♦ ❞❡ ❣+✉♣♦-✳

❆ ❋✐❣✉+❛ ✹✳✸ ✐♥❞✐❝❛ ❝♦♠♦ B ❢❡✐.❛ ❛ -❡❧❡<=♦ ❞❡ 9✉❛✐- ❛❣❡♥.❡- ✐+=♦ ✐♥.❡❣+❛+ 9✉❛❧ ❣+✉♣♦✳

◆♦ ❝❡♥.+♦ -❡ .❡♠ ❛❣❡♥.❡- ❡-♣❛❧❤❛❞♦-✱ 9✉❡ +❡♣+❡-❡♥.❛♠ ♦- ❛❣❡♥.❡- ❞❡-❛❣+✉♣❛❞♦-✳ ◆❛

❡-9✉❡+❞❛✱ ❡-.=♦ ♦- ❛❣❡♥.❡- 9✉❡ ♣❡+.❡♥❝❡♠ ❛♦ ❣+✉♣♦ ✶ ❡ ♥❛ ❞✐+❡✐.❛ ♦- ❛❣❡♥.❡- 9✉❡ ♣❡+.❡♥❝❡♠

❛♦ ❣+✉♣♦ ✷✳ ❈❛❞❛ ❛❣❡♥.❡ ♥❛ ✐♠❛❣❡♠✱ ♣♦--✉✐ ✉♠ ✈❛❧♦+✱ ❡--❡ ✈❛❧♦+ +❡♣+❡-❡♥.❛ ♦ -❡✉ S✳ ❆

✜❣✉+❛ ♠♦-.+❛ 9✉❡ ❞❡♣❡♥❞❡♥❞♦ ❞♦ ✈❛❧♦+ ❞❡ S ❞♦ ❛❣❡♥.❡✱ ❡❧❡ ✜❝❛ ♠❛✐- ♣+F①✐♠♦ ❛ ✉♠ ❞♦-

❣+✉♣♦-✳ ❙❡♥❞♦ ❛--✐♠✱ 9✉❛♥❞♦ ❛- ❡9✉❛<L❡- ✭✸✳✸✮ ❡ ✭✸✳✹✮ ❞❡.❡+♠✐♥❛+❡♠ 9✉❡ ❛❣❡♥.❡- ❞❡✈❡+=♦
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❋■●❯❘❆ ✹✳✸ ✕ ■♥,❡❣/❛12♦ ❞♦5 ❞❡5❛❣/✉♣❛❞♦5✳ ❋✉♥❝✐♦♥❛♠❡♥,♦ ❞❛ ❡5❝♦❧❤❛ ❞♦ ❛❣❡♥,❡

❞❡5❛❣/✉♣❛❞♦ =✉❡ ♣❛55❛/> ❛ ✐♥,❡❣/❛/ ✉♠ ❞♦5 ❣/✉♣♦5✭●✶ ♦✉ ●✷✮✳

♣❛55❛/ ❛ ✐♥,❡❣/❛/ ❛❧❣✉♠ ❞♦5 ❣/✉♣♦5✱ ♦5 ❛❣❡♥,❡5 =✉❡ ♣♦55✉C/❡♠ ♦ S ♠❛✐5 ♣/D①✐♠♦ ❛ ✉♠

❞❡55❡5 ❣/✉♣♦5 5❡/2♦ ♦5 ❡5❝♦❧❤✐❞♦5 ♣❛/❛ ✐♥,❡❣/❛/ ♦ ❣/✉♣♦✳

F♦/ ❡①❡♠♣❧♦✱ ♦❜5❡/✈❛♥❞♦ ♦ ❛❣❡♥,❡ ❞❡5❛❣/✉♣❛❞♦ ✭❆✮ ♥❛ ❋✐❣✉/❛ ✹✳✸✱ ♦ 5❡✉ S I ✐❣✉❛❧

❛ ✲✵✳✼✾✱ ♦✉ 5❡❥❛✱ ♣♦55✉✐ ♦ S ♠❛✐5 ♣/D①✐♠♦ ❛ ✲✵✳✽✳ ❖ ✈❛❧♦/ ✲✵✳✽ ❥> /❡♣/❡5❡♥,❛ ♦ ❣/✉♣♦ ✶✳

❙❡♥❞♦ ❛55✐♠✱ ❡55❡ I ♦ ❛❣❡♥,❡ ❡5❝♦❧❤✐❞♦ ♣❛/❛ ♣❛55❛/ ❛ ✐♥,❡❣/❛/ ♦ ❣/✉♣♦ ✶✳

❉♦ ♦✉,/♦ ❧❛❞♦ ❡①✐5,❡ ♦ ❛❣❡♥,❡ ❞❡5❛❣/✉♣❛❞♦ ✭❇✮✱ ♦ 5❡✉ S I ✐❣✉❛❧ ❛ ✵✳✼✸✳ ❖ 5❡✉ S I

♦ ♠❛✐5 ♣/D①✐♠♦ ❛ ✵✳✽✱ =✉❡ /❡♣/❡5❡♥,❛ ♦ ❣/✉♣♦ ✷✳ ❙❡ ❛5 ❡=✉❛1T❡5 ❞❡,❡/♠✐♥❛/❡♠ =✉❡ ✉♠

❛❣❡♥,❡ ❞❡✈❛ ♣❛55❛/ ❛ ✐♥,❡❣/❛/ ♦ ❣/✉♣♦ ✷✱ ❡55❡ 5❡/> ♦ ❛❣❡♥,❡ ❡5❝♦❧❤✐❞♦✳ ❆♣D5 ❡5❝♦❧❤❡/ =✉❛❧

❛❣❡♥,❡ ✐/> ♣❛55❛/ ♣❛/❛ ✉♠ ❞♦5 ❣/✉♣♦5✱ ❡55❡ ♥♦✈♦ ❛❣❡♥,❡ ♣/❡❝✐5❛/> ,❡/ ✉♠ ♥♦✈♦ S✱ ✉♠❛

✈❡③ =✉❡ ,♦❞♦5 ♦5 ❛❣❡♥,❡5 ❞❡♥,/♦ ❞♦5 ❣/✉♣♦5 ♣♦55✉❡♠ ♦ S ❞❡ ❛❝♦/❞♦ ❝♦♠ ♦ ✐♥,❡/✈❛❧♦ ❞❡

✈❛❧♦/❡5 ❞❡ ❝❛❞❛ ❣/✉♣♦✳ ❆ ❋✐❣✉/❛ ✹✳✸✱ ♠♦5,/❛ =✉❡✱ ,❛♥,♦ ♦ ❛❣❡♥,❡ ✭❆✮ ❝♦♠♦ ♦ ❛❣❡♥,❡ ✭❇✮✱

✈2♦ /❡❝❡❜❡/ ✉♠ ♥♦✈♦ S =✉❛♥❞♦ ♣❛55❛/❡♠ ❛ ✐♥,❡❣/❛/ ♦ 5❡✉ ❣/✉♣♦✳ ◆♦ ❝❛5♦ ❞♦ ❛❣❡♥,❡ ✭❆✮✱

✐/> /❡❝❡❜❡/ ✉♠ ✈❛❧♦/ ❡♥,/❡ ✲✶ ❡ ✲✵✳✽✱ ❡ ♦ ❛❣❡♥,❡ ✭❇✮ ✉♠ ✈❛❧♦/ ❡♥,/❡ ✵✳✽ ❡ ✶✱ ❝♦♠♦ ♣♦❞❡✲5❡

♦❜5❡/✈❛/ ♥❛ ❋✐❣✉/❛ ✹✳✹✳

◆♦ ❝❛5♦ ❞❡ ♥2♦ ❡①✐5,✐/❡♠ ♠❛✐5 ❛❣❡♥,❡5 ❞❡5❛❣/✉♣❛❞♦5 ♥♦ 5✐5,❡♠❛✱ ♦ 5✐5,❡♠❛ ✐/> ♣❛55❛/

❛ ,/♦❝❛/ ❛❣❡♥,❡5 ❡♥,/❡ ♦5 ❞♦✐5 ❣/✉♣♦5✳ ❈♦♠ ✐55♦✱ ♦ ♣/♦❝❡55♦ ❞❡ 5❡❧❡12♦ ♣❛55❛/> ❛ ❡5❝♦❧❤❡/

♦ ❛❣❡♥,❡ =✉❡ ♣♦55✉❛ ♦ ♠❡♥♦/ S✱ ❞❡♥,/♦ ❞♦ 5❡✉ /❡5♣❡❝,✐✈♦ ❣/✉♣♦✳ F♦/ ❡①❡♠♣❧♦✱ ♥♦ ❝❛5♦ ❞❡

✉♠ ❛❣❡♥,❡ ❞♦ ❣/✉♣♦ ✷ ♣❛55❛/ ❛ ✐♥,❡❣/❛/ ♦ ❣/✉♣♦ ✶✱ ♦ ❛❣❡♥,❡ =✉❡ ♣♦55✉✐/ ♦ S ♠❛✐5 ♣/D①✐♠♦

❛ ✲✵✳✽✱ 5❡/> ❡5❝♦❧❤✐❞♦✱ ❡55❡ ❡①❡♠♣❧♦ ♣♦❞❡ 5❡/ ✈✐5,♦ ♥❛ ❋✐❣✉/❛ ✹✳✺✳

❆ ❝❛❞❛ ✐,❡/❛12♦✱ =✉❛♥❞♦ ♦5 ❣/✉♣♦5 ❢♦/❡♠ ❛,✉❛❧✐③❛❞♦5✱ ❡55❡ 5❡/> ♦ ♣/♦❝❡55♦ ❞❡ ❡5❝♦❧❤❛

=✉❡ ♦ ❛❧❣♦/✐,♠♦ ✐/> 5❡❣✉✐/✳

❆♣D5 ❛❥✉5,❛/ ♦5 ❛❣❡♥,❡5✱ ❡ ♦/❣❛♥✐③>✲❧♦5 ❞❡ ❛❝♦/❞♦ ❝♦♠ ♦ /❡5✉❧,❛❞♦ ❞❛5 ❡=✉❛1T❡5✱

♦ ❛❧❣♦/✐,♠♦ ♣❛55❛ ❛ ♣❡❣❛/ ♦5 ♣❛/Z♠❡,/♦5 ✐♥,❡/♥♦5 ❞❡ ,♦❞♦5 ♦5 ❛❣❡♥,❡5✱ ♣❛/❛ =✉❡ ♣♦55❛

❝❛❧❝✉❧❛/ ♥♦✈❛♠❡♥,❡ ,♦❞♦5 ♦5 ♣❛/Z♠❡,/♦5 ❞❛5 ❡=✉❛1T❡5 ✭✸✳✸✮ ❡ ✭✸✳✹✮✳ ❆♣D5 /❡❝❛❧❝✉❧❛/ ❡55❡5

♣❛/Z♠❡,/♦5✱ ♦ ❛❧❣♦/✐,♠♦ ✈❡/✐✜❝❛ 5❡ ❛ 5✐♠✉❧❛12♦ ❝❤❡❣♦✉ ❛♦ ✜♠✱ ❛❝✐♦♥❛♥❞♦ ✉♠ ❞♦5 ❝/✐,I/✐♦5

❞❡ ♣❛/❛❞❛ ❞♦ ♠♦❞❡❧♦✳

◆♦ ♠♦❞❡❧♦ ❡①✐5,❡♠ =✉❛,/♦ ❝/✐,I/✐♦5 ❞❡ ♣❛/❛❞❛✱ ❈F✶✱ ❈F✷✱ ❈F✸ ❡ ❈F✹✳ ❖ ♣/✐♠❡✐/♦
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❝#✐%&#✐♦ ❞❡ ♣❛#❛❞❛ ✭❈.✶✮✱ & ❛❝✐♦♥❛❞♦ 3✉❛♥❞♦ ♦ #❡5✉❧%❛❞♦ ❞❛5 ❡3✉❛78❡5 ♥9♦ ♣♦❞❡ 5❡#

#❡♣#❡5❡♥%❛❞♦ ♣❡❧♦ 5✐♠✉❧❛❞♦#✱ ✉♠ ❡①❡♠♣❧♦ & ♦ ❝❛5♦ ♦♥❞❡ ♦ #❡5✉❧%❛❞♦ ❞❛5 ❡3✉❛78❡5✱ 5♦♠❛❞♦5✱

& ♠❛✐♦# 3✉❡ ❛ 3✉❛♥%✐❞❛❞❡ %♦%❛❧ ❞❡ ❛❣❡♥%❡5 ❞♦ 5✐5%❡♠❛✳ ❖ 5❡❣✉♥❞♦ ❝#✐%&#✐♦ ❞❡ ♣❛#❛❞❛ ✭❈.✷✮✱

& ❛❝✐♦♥❛❞♦ 3✉❛♥❞♦ ♦5 #❡5✉❧%❛❞♦5 ❞❛5 ❡3✉❛78❡5 ❡♥❝♦♥%#❛♠ ✉♠ ♣♦♥%♦ ❞❡ ❡5%❛❜✐❧✐❞❛❞❡✱ ♦✉

5❡❥❛✱ %♦❞❛ ✈❡③ 3✉❡ ❛5 ❡3✉❛78❡5 59♦ ❝❛❧❝✉❧❛❞❛5 ❡55❡ ✈❛❧♦# & ❛#♠❛③❡♥❛❞♦✳ ❆55✐♠✱ 3✉❛♥❞♦

❛5 ❡3✉❛78❡5 59♦ ❝❛❧❝✉❧❛❞❛5 ♥❛ ♣#E①✐♠❛ ✐%❡#❛79♦✱ ♦5 ✈❛❧♦#❡5 59♦ ❝♦♠♣❛#❛❞♦5✱ 5❡ ❡❧❡5 ❢♦#❡♠

✐❣✉❛✐5 ✐55♦ ✐♥❞✐❝❛ 3✉❡ ❛ 5✐♠✉❧❛79♦ ❡5%G ❡♠ ✉♠ ♣♦♥%♦ ❞❡ ❡5%❛❜✐❧✐❞❛❞❡✳ ❉✉#❛♥%❡ ❛5 5✐♠✉❧❛78❡5

❢❡✐%❛5 ♦ ❝#✐%&#✐♦ ❞❡ ♣❛#❛❞❛ ✷ ❢♦✐ %❡5%❛❞♦ ♣❛#❛ ✈❡#✐✜❝❛# 3✉❛♥%♦5 ✈❛❧♦#❡5 5❡#✐❛♠ ❝♦♥5✐❞❡#❛❞♦5

♥❡❝❡55G#✐♦5 ♣❛#❛ 5❡ ❛❝❡✐%❛# ✉♠❛ ❡5%❛❣♥❛79♦ ♥♦ #❡5✉❧%❛❞♦ ❞❛ 5✐♠✉❧❛79♦✳ .#✐♠❡✐#❛♠❡♥%❡

❢♦✐ ✉%✐❧✐③❛❞♦ ❛♣❡♥❛5 ✉♠❛ ✈❡#✐✜❝❛79♦ ❡♥%#❡ ♦ ✉❧%✐♠♦ ✈❛❧♦# ♦❜%✐❞♦ ❡ ♦ ❛♥%❡#✐♦# ❛ ❡❧❡✳ ❆♣E5

❡55❡5 %❡5%❡5 ❢♦#❛♠ ❢❡✐%♦5 ♦✉%#❛5 5✐♠✉❧❛78❡5 ♣❛#❛ 5❡ ✈❡#✐✜❝❛# 5❡ ❡55❛ ❝♦♠♣❛#❛79♦ ♥9♦ 5❡#✐❛

❝♦♥5✐❞❡#❛❞❛ ♠✉✐%♦ ❧✐♠✐%❛❞❛✱ ❡♥%9♦ ❢♦#❛♠ ✉%✐❧✐③❛❞❛5 ♦✉%#❛5 ❞✉❛5 ❢♦#♠❛5 ❞❡ 5❡ ✈❡#✐✜❝❛#

♦ ❈.✷✳ ❆5 ❞✉❛5 ❢♦#♠❛5 ✈✐5❛♠ ✈❡#✐✜❝❛# 5❡ ❛ 5✐♠✉❧❛79♦ ♥9♦ ❝❛✐✉ ❞❡♥%#♦ ❞❡ ✉♠ ❝✐❝❧♦ ❞❡

#❡5✉❧%❛❞♦5✳ ❖✉ 5❡❥❛✱ ✉♠❛ ❞✐5%#✐❜✉✐79♦ ❞❡ ✈❛❧♦#❡5 ♦♥❞❡ 5❡❥❛ ♥❡❝❡55G#✐♦ ✈❡#✐✜❝❛# 5❡ ✉♠ ❜❧♦❝♦

❞❡ ✈❛❧♦#❡5 ♥9♦ ✜❝❛ 5❡ #❡♣❡%✐♥❞♦ ❛♣E5 ❛❧❣✉♠❛5 ✐%❡#❛78❡5✳ .❛#❛ ✐55♦ ❢♦✐ ✐♠♣❧❡♠❡♥%❛❞♦ ✉♠

✈❡#✐✜❝❛❞♦# ❞❡ ❜❧♦❝♦5 ❞❡ #❡5✉❧%❛❞♦5 ♣❛#❛ ✈❡#✐✜❝❛# ♦ ❈.✷✱ 5❡♥❞♦ ❛55✐♠✱ ♦ ❝#✐%&#✐♦ ❞❡ ♣❛#❛❞❛

♣❛55❛ ❛ ✈❡#✐✜❝❛# 5❡ ♦5 J❧%✐♠♦5 ✸ #❡5✉❧%❛❞♦5 ♥9♦ ✈9♦ 5❡# ✐❣✉❛✐5 ❛♦5 ♣#E①✐♠♦5 %#K5 #❡5✉❧%❛❞♦5✳

❆❧&♠ ❞❡55❛ ✐♠♣❧❡♠❡♥%❛79♦ ❢♦✐ ❢❡✐%❛ ✉♠❛ ♦✉%#❛ ✈❡#✐✜❝❛79♦ ♣❛#❛ ♦5 J❧%✐♠♦5 ✹ #❡5✉❧%❛❞♦5✳

❆♣❡5❛# ❞❡55❛5 ♥♦✈❛5 ✐♠♣❧❡♠❡♥%❛78❡5✱ ♦5 #❡5✉❧%❛❞♦5 5❡ ♠❛♥%✐✈❡#❛♠ ✐❣✉❛✐5 ❛♦5 #❡5✉❧%❛❞♦5

♦❜%✐❞♦5 ❛♣❡♥❛5 ❝♦♠ ❛ ✈❡#✐✜❝❛79♦ ✐♥✐❝✐❛❧ ❞❡ ❝♦♠♣❛#❛# ♦5 J❧%✐♠♦5 ✷ ✈❛❧♦#❡5✳

❖ %❡#❝❡✐#♦ ❝#✐%&#✐♦ ❞❡ ♣❛#❛❞❛ ✭❈.✸✮✱ & ❛❝✐♦♥❛❞♦ 3✉❛♥❞♦ ❛ 3✉❛♥%✐❞❛❞❡ ❞❡ ✐%❡#❛78❡5 &

5✉♣❡#✐♦# ❛ ✺✵✵✵ ✐%❡#❛78❡5✳ ❊55❡ ❝#✐%&#✐♦ ❢♦✐ ❛%#✐❜✉✐❞♦ ♣❛#❛ 3✉❡ ❛5 5✐♠✉❧❛78❡5 ♥9♦ ✜3✉❡♠

❡♠ ❡①❡❝✉79♦ ♣♦# ♠✉✐%♦ %❡♠♣♦✳ ❊ ♦ 3✉❛#%♦ ❡ J❧%✐♠♦ ❝#✐%&#✐♦ ❞❡ ♣❛#❛❞❛ ✭❈.✹✮✱ & ❛❝✐♦♥❛❞♦

3✉❛♥❞♦ ✉♠ ❞♦5 ❣#✉♣♦5 & ❡①%❡#♠✐♥❛❞♦ ♣❡❧♦ ♦✉%#♦✳

❈♦♠ ♦5 ❝#✐%&#✐♦5 ❞❡ ♣❛#❛❞❛ ❞❡✜♥✐❞♦5✱ ❡5♣❡#❛✲5❡ ❛ 5✐♠✉❧❛79♦ ❝❤❡❣❛# ❛ ✉♠ ❞❡❧❡5 ♣❛#❛

5❡ ❝♦♥❝❧✉✐# ❛ 5✐♠✉❧❛79♦ ❡ ❛♥❛❧✐5❛# ♦5 #❡5✉❧%❛❞♦5✳ ◆♦ ❈❛♣R%✉❧♦ ✻✱ 5❡#9♦ ❛♣#❡5❡♥%❛❞♦5 ♦5

❝❛5♦5 ♦♥❞❡ 5❡ ✉%✐❧✐③❛ ❛ ❋❛5❡ ✸ ❞✉#❛♥%❡ ✉♠❛ 5✐♠✉❧❛79♦✳ ❊55❛5 5✐♠✉❧❛78❡5 ♣♦55✉❡♠ %♦❞♦

♦ ♣#♦❝❡55♦ ❞❛ ❋❛5❡ ✷✱ ❡①♣❧✐❝❛❞♦ ❛3✉✐✱ ♣♦#&♠ ❛ ❋❛5❡ ✶ ✜❝❛ ❛❝✐♦♥❛❞❛ ❡ ♦5 ❛❣❡♥%❡5 ♣♦❞❡♠

✐♥%❡#❛❣✐# ❡♥%#❡ 5✐✱ ✉%✐❧✐③❛♥❞♦ ❛ ❡3✉❛79♦ ✭✹✳✶✮✳

.❛#❛ 5❡ ♣♦❞❡# #❡5♦❧✈❡# ❛5 ❡3✉❛78❡5 ❞❡♥%#♦ ❞♦ 5✐♠✉❧❛❞♦#✱ ❢♦✐ ✉%✐❧✐③❛♥❞♦ ♦ ♠&%♦❞♦ ❞❡

❊✉❧❡# ♣❛#❛ ✐♠♣❧❡♠❡♥%❛# ❛5 ❡3✉❛78❡5 ✭✸✳✸✮ ❡ ✭✸✳✹✮✳ ❊ ♦ 5❡❣✉✐♥%❡ ❢♦✐ ♦❜%✐❞♦✿

N1 = Ntemp1 + r1Ntemp1

[

1−
Ntemp1

NT

− b12
Ntemp2

NT

]

∆t , ✭✹✳✶✷✮

N2 = Ntemp2 + r2Ntemp2

[

1−
Ntemp2

NT

− b21
Ntemp1

NT

]

∆t , ✭✹✳✶✸✮

♦♥❞❡✿

• N1 ❡N2 #❡♣#❡5❡♥%❛♠ ❛ 3✉❛♥%✐❞❛❞❡ ❞❡ ❛❣❡♥%❡5 ♥♦ ●#✉♣♦ ✶ ❡ ●#✉♣♦ ✷ #❡5♣❡❝%✐✈❛♠❡♥%❡❀



• Ntemp1 Ntemp2 N1 N2

• r1 r2

• NT

• b12 b21

• ∆t

game engine



frame

Space
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✺ ❊❙❚❯❉❖ ❉❊ ❈❆❙❖ ✲ ❙■▼❯▲❆➬➹❖ ❉❊ ❇❆❚❆▲❍❆

❆# ❡%✉❛()❡# ❞❡ ▲♦-❦❛✲❱♦❧-❡22❛ ❢♦2❛♠ ✉-✐❧✐③❛❞❛# ❝♦♠♦ ❜❛#❡ ♣❛2❛ ❛ 2❡♣2❡#❡♥-❛(;♦ ❞❡

❜❛-❛❧❤❛ ❞❡ ❞♦✐# ❣2✉♣♦# ❝♦♠♣❡-✐-✐✈♦# ✭▲❆❘❊◆❚■❙ ❡) ❛❧✳✱ ✷✵✶✵✮✳ ❊##❡ ♠♦❞❡❧♦ ❢♦✐ ❝2✐❛❞♦ ♣❛2❛

#❡2 ♣♦#-❡2✐♦2♠❡♥-❡ ✉-✐❧✐③❛❞♦ ❡♠ ❥♦❣♦# ❞❡ ❡#-2❛-H❣✐❛✱ ♦♥❞❡ ♦# ♣❛2I♠❡-2♦# ❞❛# ❡%✉❛()❡# ✭✺✳✶✮

❡ ✭✺✳✷✮ ❢♦##❡♠ ❡#-✐♣✉❧❛❞♦# ❞❡ ❛❝♦2❞♦ ❝♦♠ ❛# ❡#❝♦❧❤❛# ❞♦ ❥♦❣❛❞♦2✱ 2❡#✉❧-❛♥❞♦ ❡♠ ❞✐❢❡2❡♥-❡#

✜♥# ♣❛2❛ ❛# ❜❛-❛❧❤❛#✳

dx

dt
= z1 + a(y − x) + by(x− y) ✭✺✳✶✮

dy

dt
= z2 + c(x− y) + dx(y − x) ✭✺✳✷✮

❖# ♣❛2I♠❡-2♦# ❞❛# ❡%✉❛()❡# ✭✺✳✶✮ ❡ ✭✺✳✷✮ 2❡♣2❡#❡♥-❛♠ ❡❧❡♠❡♥-♦# %✉❡ ❡#-;♦ ♣2❡#❡♥-❡#

❞✉2❛♥-❡ ✉♠❛ ❜❛-❛❧❤❛✳ ❖# ❡❧❡♠❡♥-♦# #;♦✿

• x ❡ y 2❡♣2❡#❡♥-❛♠ ♦ ♥N♠❡2♦ ❞❡ ✐♥❞✐✈O❞✉♦# ❞♦ ❣2✉♣♦ ✶ ✭G1✮ ❡ ❞♦ ❣2✉♣♦ ✷ ✭G2✮

2❡#♣❡❝-✐✈❛♠❡♥-❡❀

• z1 ❡ z2 2❡♣2❡#❡♥-❛♠ ✉♠ ❝♦♥-✐♥❣❡♥-❡ ❞❡ ❛❧✐#-❛♠❡♥-♦✳ ❉❡ -❡♠♣♦ ❡♠ -❡♠♣♦ ♥♦✈♦#

✐♥-❡❣2❛♥-❡# #;♦ ❛❞✐❝✐♦♥❛❞♦# ♥♦ ❣2✉♣♦ ✶ ✭G1✮ ❡ ♥♦ ❣2✉♣♦ ✷ ✭G2✮✱ 2❡#♣❡❝-✐✈❛♠❡♥-❡❀

• a ❡ c 2❡♣2❡#❡♥-❛♠ ✉♠ ❝♦❡✜❝✐❡♥-❡ ❞❡ ❡#-2❛-H❣✐❛ ♣❛2❛ ♦ ❣2✉♣♦ ✶ ✭G1✮ ❡ ❣2✉♣♦ ✷ ✭G2✮

2❡#♣❡❝-✐✈❛♠❡♥-❡❀

• b ❡ d 2❡♣2❡#❡♥-❛♠ ♦ ♣♦❞❡2 ❞❡ ❛2♠❛♠❡♥-♦✱ ♦# -✐♣♦# ❞❡ ❛2♠❛#✱ ❛ %✉❛♥-✐❞❛❞❡✳ ❖ ♣♦❞❡2

❞❡ ❢♦❣♦ H ❝♦♥✈❡2-✐❞♦ ♥❡##❡ ❞♦✐# ♣❛2I♠❡-2♦#✱ ♣❛2❛ ♦ ❣2✉♣♦ ✶ ✭G1✮ ❡ ❣2✉♣♦ ✷ ✭G2✮

2❡#♣❡❝-✐✈❛♠❡♥-❡❀

❆❧H♠ ❞❡##❡# ♣❛2I♠❡-2♦#✱ ❛# ❡%✉❛()❡# -❛♠❜H♠ 2❡♣2❡#❡♥-❛♠ ♦ -✐♣♦ ❞❡ ✐♥-❡2❛(;♦ %✉❡

♦# ❣2✉♣♦# ♣♦##✉❡♠✱

• a(y − x) ❡ c(x − y)✿ ◆❡##❡# -❡2♠♦# ❞❛# ❡%✉❛()❡# #❡ ❝❛❧❝✉❧❛ ♦ %✉;♦ ✐♠♣♦2-❛♥-❡ H ❛

❡#-2❛-H❣✐❛ ❞❡ ✉♠ ❣2✉♣♦ ❡♠ 2❡❧❛(;♦ ❛♦ ♦✉-2♦✳ S♦❞❡✲#❡ ✈❡2✐✜❝❛2 %✉❡ a ❡ c 2❡♣2❡#❡♥-❛♠

❛ ❡#-2❛-H❣✐❛ ❞♦# ❣2✉♣♦#✱ ♠❛# ❡##❛ ❡#-2❛-H❣✐❛ H 2❡❧❛❝✐♦♥❛❞❛ ❝♦♠ ❛ ❞✐❢❡2❡♥(❛ ❞♦ ♥N♠❡2♦

❞❡ ✐♥-❡❣2❛♥-❡# ❞❡ ❝❛❞❛ ❣2✉♣♦✳ ❙❡ ♦ ❣2✉♣♦ ✷ ❡#-✐✈❡2 ❝♦♠ ♠❛✐# ✐♥-❡❣2❛♥-❡# %✉❡ ♦ ❣2✉♣♦

✶✱ ❛ ❡#-2❛-H❣✐❛ ❞♦ ❣2✉♣♦ ✶ -❡2U ✉♠ ✈❛❧♦2 ♠❛✐# #✐❣♥✐✜❝❛-✐✈♦✳ ❊##❛ ♣❛2-❡ ❞❛ ❡%✉❛(;♦✱

-❡♥-❛ 2❡♣2❡#❡♥-❛2 ♦ ♣❡♥#❛♠❡♥-♦ ❡#-2❛-H❣✐❝♦ ❞♦ ❣2✉♣♦✱ %✉❛♥❞♦ ❡❧❡ #❡ ❡♥❝♦♥-2❛ ❡♠

✉♠❛ #✐-✉❛(;♦ ❞❡ ❞❡#✈❛♥-❛❣❡♠✳ ❘❡♣2❡#❡♥-❛ -❛♠❜H♠ ❛ #✐-✉❛(;♦ %✉❛♥❞♦ ✉♠ ❣2✉♣♦ #❡

❡♥❝♦♥-2❛ ❡♠ ❣2❛♥❞❡ ✈❛♥-❛❣❡♠✱ ❡♠ 2❡❧❛(;♦ ❛♦ ♦✉-2♦✱ ❡ 2❡#♦❧✈❡ ❛-❛❝U✲❧♦ #❡♠ ♥❡♥❤✉♠❛

❡#-2❛-H❣✐❛ ❡♠ ♠❡♥-❡✳ S♦2 ❝❛✉#❛ ❞✐##♦✱ -❡♠✲#❡ ♦# ✈❛❧♦2❡# ✭② ✲ ① ✮ ♥♦ ❝❛#♦ ❞♦ ❣2✉♣♦ ✶

❡ ♦ ♦♣♦#-♦ ✭① ✲ ②✮ ♣❛2❛ ♦ ❣2✉♣♦ ✷✳



• by(x− y) dx(y− x)

z1 z2



✹✾

♥✉♠❡&♦ ❞❡ ✐♥*❡❣&❛♥*❡-✳ ❙❡♥❞♦ ❛--✐♠✱ ♦- *❡&♠♦- 1✉❡ -❡ ❜❛-❡✐❛♠ ♥❛ ❞✐❢❡&❡♥4❛ ❞♦ ♥5♠❡&♦

❞❡ ✐♥*❡❣&❛♥*❡- -❡&6 ✐❣✉❛❧ ❛ ③❡&♦✱ &❡-✉❧*❛♥❞♦ ❡♠ ✉♠ ❝❡♥6&✐♦ ♦♥❞❡ ♦ 5♥✐❝♦ ❢❛*♦& 1✉❡ ✐&6 -❡&

❝♦♥-✐❞❡&❛❞♦ -❡&6 ❛ 1✉❛♥*✐❞❛❞❡ ❞❡ ✐♥*❡❣&❛♥*❡- ❛❧✐-*❛❞♦- ❞❡ *❡♠♣♦- ❡♠ *❡♠♣♦-✱ &❡-✉❧*❛♥❞♦

❡♠ ✉♠ ❝&❡-❝✐♠❡♥*♦ ❧✐♥❡❛& ♣❛&❛ ♦- ❞♦✐- ❣&✉♣♦-✳ ❆♦ ❛♥❛❧✐-❛& ❛- <&❜✐*❛- ❛♦ &❡❞♦& ❞♦-

♣♦♥*♦-  ✶ ❡  ✷✱ ✈❡&✐✜❝❛✲-❡ ✉♠ ❝♦♠♣♦&*❛♠❡♥*♦ -✐♠✐❧❛& ❛♦ ❞♦ -✐-*❡♠❛ ♣&❡-❛ ❡ ♣&❡❞❛❞♦& ❞❡
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:✉❡ ❛ ❝❛❞❛ ✐%❡.❛45♦✱ %♦❞♦$ ♦$ ♣❛.P♠❡%.♦$ ❡$%❡❥❛♠ ❡$%A%✐❝♦$✱ ❝♦♠ ❡①❝❡45♦ ❞♦$ ✈❛❧♦.❡$ ❞❡

N ✳ ❆♣V$ ❛❥✉$%❛. ❛ $✐♠✉❧❛45♦ ♣❛.❛ :✉❡ ♥5♦ ❤❛❥❛ ❛❧%❡.❛45♦ ♥♦$ ✈❛❧♦.❡$✱ ♦$ ✈❛❧♦.❡$ ✐♥✐❝✐❛✐$✱

❞❛ ❚❛❜❡❧❛ ✻✳✶✱ ❢♦.❛♠ ✐♥$❡.✐❞♦$ ♥❛ $✐♠✉❧❛45♦✿

❚❆❇❊▲❆ ✻✳✶ ✕ L❛.P♠❡%.♦$ ■♥✐❝✐❛✐$ L❛.❛ ♦ ❈❛$♦ ❆

L❛.P♠❡%.♦$ ■♥✐❝✐❛✐$ ✈❛❧♦.❡$

S1 ✲✵✳✾

S2 ✵✳✾

SR ✵✳✵✶

v1 ✵✳✷

v2 ✵✳✷

vR ✵✳✺

❉✉.❛♥%❡ ❛ ❢❛$❡ ❞❡ ✐♥$%❛♥❝✐❛. ♦$ ❛❣❡♥%❡$ ♥♦ $✐$%❡♠❛✱ ? ❣❡.❛❞♦ .❛♥❞♦♠✐❝❛♠❡♥%❡ ✈❛❧♦.❡$

♣❛.❛ ♦$ ♣❛.P♠❡%.♦$ S✱ v ❡ I✳ ◆♦ ❝❛$♦ ❞♦ ♣❛.P♠❡%.♦ I✱ ❞❡%❡.♠✐♥❛✲$❡ ♦ ♠❡$♠♦ ✈❛❧♦.

♣❛.❛ %♦❞♦$ ♦$ ❛❣❡♥%❡$✱ ♣♦✐$ ❛ $✐♠✉❧❛45♦ ❢♦❝❛✱ ✐♥✐❝✐❛❧♠❡♥%❡✱ ♦ ❝♦♠♣♦.%❛♠❡♥%♦ :✉❡ ♦$

♣❛.P♠❡%.♦$✱ S ❡ v✱ ♣♦❞❡♠ ❣❡.❛.✳ ◆❛$ $✐♠✉❧❛4;❡$ ❢❡✐%❛$ ❞✉.❛♥%❡ ❡$$❛ ❡%❛♣❛✱ ♦$ ✈❛❧♦.❡$
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"❡❢❡"❡♥❝✐❛❞♦+ ♥❛+ ,❛❜❡❧❛+ ✭✻✳✶✮✱ ✭✻✳✸✮✱ ✭✻✳✺✮ ❡ ✭✻✳✼✮ ❢♦"❛♠ ❞❡,❡"♠✐♥❛❞♦+ ♣❛"❛ 9✉❡ ♦+

"❡+✉❧,❛❞♦+ ♦❜,✐❞♦+ ❢♦++❡♠ ♦+ ❡+,✉❞❛❞♦+✳ ❖✉ +❡❥❛✱ ,♦❞♦+ ❡++❡+ ✈❛❧♦"❡+ ❢♦"❛♠ ❡+❝♦❧❤✐❞♦+

♣❛"❛ 9✉❡ ♦+ "❡+✉❧,❛❞♦+ ❛♥❛❧✐,✐❝♦+ ❢♦++❡♠ ♦+ ✹ ❝❛+♦+ 9✉❡ ❢♦"❛♠ ❛♣"❡+❡♥,❛❞♦+ ♥♦ ❝❛♣@,✉❧♦

✸✳ ❆❥✉+,❛♥❞♦ ♦+ ♣❛"❛♠B,"♦+ ❡ "❡+♦❧✈❡♥❞♦ ❛+ ❡9✉❛CD❡+ ❛♥❛❧✐,✐❝❛♠❡♥,❡ ❢♦✐ ♣♦++@✈❡❧ ❝❤❡❣❛" ❛

❡++❡+ ✈❛❧♦"❡+✳

❆♣F+ ,♦❞♦+ ♦+ ❛❣❡♥,❡+ +❡"❡♠ ✐♥+❡"✐❞♦+ ♥♦ +✐+,❡♠❛✱ ❝♦♠ ♦+ ✈❛❧♦"❡+ ❞♦+ +❡✉+ ♣❛"G♠❡,"♦+

✐♥,❡"♥♦+ ❞❡✜♥✐❞♦+✱ ✐♥✐❝✐❛♠✲+❡ ❛+ ✐,❡"❛CD❡+ ❞❛+ ❡9✉❛CD❡+✱ ✭✸✳✸✮ ❡ ✭✸✳✹✮✳ ❊++❛+ ❡9✉❛CD❡+ +K♦

❝❛❧❝✉❧❛❞❛+ ❛ ❝❛❞❛ frame✳ ❆♣F+ ❝❛❞❛ ❝L❧❝✉❧♦ ♦ +✐+,❡♠❛ +❡ ❛,✉❛❧✐③❛✱ ❛❥✉+,❛♥❞♦ ♦ ♥N♠❡"♦

❞❡ ❛❣❡♥,❡+ ❡♠ ❝❛❞❛ ❣"✉♣♦ ❞❡ ❛❝♦"❞♦ ❝♦♠ ♦ "❡+✉❧,❛❞♦ ❞❛+ ❡9✉❛CD❡+✳

O❛"❛ 9✉❡ +❡❥❛ ♣♦++@✈❡❧ "❡♣"❡+❡♥,❛" ♦+ ❝❛+♦+ ❝♦♠ ✉♠❛ +✐♠✉❧❛CK♦✱ P ♥❡❝❡++L"✐♦ ♠❛♥,❡"

,♦❞♦+ ♦+ ♣❛"G♠❡,"♦+ ❡+,L,✐❝♦+✱ ❝♦♠ ❡①❝❡CK♦ ❞❡ N1 ❡ N2✳

❆++✐♠✱ ❛ ❝❛❞❛ ✐,❡"❛CK♦✱ ❞❛+ ❡9✉❛CD❡+✱ ❛ ✈❛"✐❛CK♦✱ ❞❡ ♥N♠❡"♦ ❞❡ ❛❣❡♥,❡+ ♥♦+ ❣"✉♣♦+✱

❧❡✈❛"L ❛ +✐♠✉❧❛CK♦ ♣❛"❛ ♦+ ♣♦♥,♦+ ❛,"❛,♦"❡+✱ ♦❜,✐❞♦+ ♣❡❧❛+ ❡9✉❛CD❡+ ✭✸✳✸✮ ❡ ✭✸✳✹✮✳

O♦❞❡✲+❡ ♠❡❧❤♦" ♣❡"❝❡❜❡" ❡++❛ ❛♥L❧✐+❡ ♦❜+❡"✈❛♥❞♦ ❛+ ,❛❜❡❧❛+ ✻✳✶ ❡ ✻✳✷✳ ◆❛ ,❛❜❡❧❛

✻✳✶✱ +K♦ "❡♣"❡+❡♥,❛❞♦+ ♦+ ✈❛❧♦"❡+ ✐♥✐❝✐❛✐+ ✉,✐❧✐③❛❞♦+ ♥❛ +✐♠✉❧❛CK♦✱ ♣❛"❛ +❡ ♦❜,❡" ♦ ❈❛+♦ ❆✱

❋✐❣✉"❛ ✸✳✷✱ ❝♦♠♦ "❡+✉❧,❛❞♦✳ ❖+ ✈❛❧♦"❡+ ❞❡++❛ ,❛❜❡❧❛ "❡♣"❡+❡♥,❛♠ ❛+ ♠P❞✐❛+ ❞♦ ❡+,❛❞♦ S✱

♣❛"❛ ,♦❞♦+ ♦+ ❣"✉♣♦+✱ ❛++✐♠ ❝♦♠♦ ♦+ ✈❛❧♦"❡+ ♠P❞✐♦+ ❞❛ ❝♦♠✉♥✐❝❛❜✐❧✐❞❛❞❡ v✱ ,❛♠❜P♠ ♣❛"❛

,♦❞♦+ ♦+ ❣"✉♣♦+✳ ❖✉ +❡❥❛✱ ❢♦"♥❡❝❡♥❞♦ ❡++❡+ ✈❛❧♦"❡+ ♥♦ ✐♥@❝✐♦ ❞❛ +✐♠✉❧❛CK♦✱ ♣♦❞❡✲+❡ ♦❜,❡"

♦+ "❡+✉❧,❛❞♦+ "❡♣"❡+❡♥,❛❞♦+ ♥❛ ,❛❜❡❧❛ ✻✳✷✳

❚❆❇❊▲❆ ✻✳✷ ✕ ❘❡+✉❧,❛❞♦+ ♣❛"❛ ♦ ❈❛+♦ ❆

O❛"G♠❡,"♦+ ✈❛❧♦"❡+

a12 ✵✳✹✵✸✺

a21 ✵✳✹✵✸✺

N∗

1 ✶✵✶✶✳✺

N∗

2 ✶✵✶✶✳✺

N1 ✶✵✶✶✳✺

N2 ✶✵✶✶✳✺

◗✉❛♥,✐❞❛❞❡ ❞❡ ■,❡"❛CD❡+ ✹✾

❖❜+❡"✈❛♥❞♦ ❛ ❚❛❜❡❧❛ ✻✳✷✱ ✈❡"✐✜❝❛✲+❡ ♦+ ✈❛❧♦"❡+ ❞❡ a12 ❡ a21✱ ❛++✐♠ ❝♦♠♦ ♦+ ✈❛❧♦"❡+

❞❡ N∗

1 ❡ N∗

2 ✳ ❊++❡+ ✈❛❧♦"❡+ ❣❡"❛❞♦+ ♣❡❧❛+ ❡9✉❛CD❡+ ✭✸✳✶✼✮✱ ❧♦❣♦ ♥♦ ✐♥@❝✐♦ ❞❛ +✐♠✉❧❛CK♦ +K♦

✉,✐❧✐③❛❞♦+ ♣❛"❛ ✈❡"✐✜❝❛" +❡ ❛ ❢♦"♠❛ ♥✉♠P"✐❝❛ ❞♦ +✐+,❡♠❛ ❢♦✐ ✐♠♣❧❡♠❡♥,❛❞❛ ❝♦""❡,❛♠❡♥,❡✳

❈♦♠ ♦+ ✈❛❧♦"❡+ ❞❡✱ a12 ❡ a21 ✭O❛"G♠❡,"♦+ ✭✸✳✾✮ ❡ ✭✸✳✶✵✮✮✱ ♣♦❞❡✲+❡ +❛❜❡" ❡♠ 9✉❡

❝❛+♦ ❛ +✐♠✉❧❛CK♦ ❞❡✈❡"L "❡+✉❧,❛"✳ ◆❡++❡ ❝❛+♦✱ ♦❜,✐✈❡"❛♠✲+❡ ♦+ ✈❛❧♦"❡+ ✐❣✉❛✐+ ♣❛"❛ ❛+ ❞✉❛+

✈❛"✐L✈❡✐+✱ +❡♥❞♦ ♦ ✈❛❧♦" ♠❡♥♦" 9✉❡ ✉♠✳ ❉❡ ❛❝♦"❞♦ ❝♦♠ ❛ ❛♥L❧✐+❡✱ ❢❡✐,❛ ♥♦ ❈❛♣@,✉❧♦ ✸✱ +❡

a12 ❁ ✶ ❡ a21 ❁ ✶✱ ♦❜,P♠✲+❡ ♦ ❈❛+♦ ❆ ❝♦♠♦ "❡+✉❧,❛❞♦✳

❆❧P♠ ❞✐++♦✱ ❞❡ ❛❝♦"❞♦ ❝♦♠ ❛ ❚❛❜❡❧❛ ✻✳✷✱ ♦❜,❡✈❡✲+❡ ♦+ ✈❛❧♦"❡+ ❞❡ N∗

1 ❡N∗

2 ✐❣✉❛✐+ ✶✹✹✻✳✸

❡ N∗

2 ✳ ❊++❡+ ✈❛❧♦"❡+ "❡♣"❡+❡♥,❛♠✱ 9✉❡ ♦ ♣♦♥,♦ ❛,"❛,♦" ❞♦ +✐+,❡♠❛ P ♦ ♣♦♥,♦ ✭✶✹✹✻✳✸✱✶✹✹✻✳✸✮✱

+✐❣♥✐✜❝❛♥❞♦ 9✉❡ ♦+ ❞♦✐+ ❣"✉♣♦+ ✐"K♦ +❡ ♠❛♥,❡" ✈✐✈♦+ ❛♦ ✜♥❛❧ ❞❛ +✐♠✉❧❛CK♦✱ ❥L 9✉❡ ❛ ♣"✐♠❡✐"❛
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❝♦♦$❞❡♥❛❞❛✱ $❡♣$❡+❡♥,❛ ♦ ♥-♠❡$♦ ❞❡ ❛❣❡♥,❡+ ♥♦ ●$✉♣♦ ✶✱ ❡ ❛ +❡❣✉♥❞❛ ❝♦♦$❞❡♥❛❞❛ ♦ ♥-♠❡$♦

❞❡ ❛❣❡♥,❡+ ❞♦ ❣$✉♣♦ ✷✳

❖+ ✈❛❧♦$❡+ ❞❡ N1 ❡ N2 ✐❣✉❛✐+ ❛ ✶✵✶✶✳✺ $❡♣$❡+❡♥,❛♠ ♦+ $❡+✉❧,❛❞♦+ ♦❜,✐❞♦+ ♥♦ ✜♥❛❧

❞❛ +✐♠✉❧❛<=♦✳ ❈♦♥❝❧✉✐✲+❡✱ ❝♦♠ ❛ ✐♥❞✐❝❛<=♦ ❞❛+ ✈❛$✐@✈❡✐+ a12 ❡ a21✱ A✉❡ ♦ ❝❛+♦ ♦❜,✐❞♦ B

♦ ❈❛+♦ ❆✳ ❆++✐♠ ❝♦♠♦✱ ♦+ ✈❛❧♦$❡+ ♦❜,✐❞♦+ ♣♦$ N1 ❡ N2 +❡$❡♠ ❡A✉✐✈❛❧❡♥,❡+ ❛ N∗

1 ❡ N∗

2 ✱

❞❡♠♦♥+,$❛♥❞♦ ❛ +♦❜$❡✈✐✈D♥❝✐❛ ❞♦+ ❞♦✐+ ❣$✉♣♦+✱ A✉❡ $❡♣$❡+❡♥,❛ ,❛♠❜B♠ ♦ ❈❛+♦ ❆✳

❖ -❧,✐♠♦ ✈❛❧♦$ ❞❛ ,❛❜❡❧❛ ✻✳✷✱ $❡♣$❡+❡♥,❛ ❛ A✉❛♥,✐❞❛❞❡ ❞❡ ✐,❡$❛<F❡+ A✉❡ ❢♦$❛♠

♥❡❝❡++@$✐❛+ ♣❛$❛ ❝♦♥❝❧✉✐$ ❛ +✐♠✉❧❛<=♦✳

❖ ♣$H①✐♠♦ ❝❛+♦ ♣❛$❛ +❡ ✈❡$✐✜❝❛$ ❛ ✈❛❧✐❞❛<=♦ ❞❛ ✐♠♣❧❡♠❡♥,❛<=♦ B ♦ ❈❛+♦ ❇✳ ◆❡++❛

❡,❛♣❛✱ ❢♦$❛♠ ❡+,✐♣✉❧❛❞♦+ ♦+ ✈❛❧♦$❡+ ✐♥✐❝✐❛✐+✱ ♣$❡+❡♥,❡+ ♥❛ ❚❛❜❡❧❛ ✻✳✸✳ ❊++❛ ❞✐+,$✐❜✉✐<=♦ ❞❡

✈❛❧♦$❡+✱ $❡+✉❧,❛ ❛♥❛❧✐,✐❝❛♠❡♥,♦ ♥♦ ❈❛+♦ ❇✳

❚❆❇❊▲❆ ✻✳✸ ✕ P❛$Q♠❡,$♦+ ■♥✐❝✐❛✐+ P❛$❛ ♦ ❈❛+♦ ❇

P❛$Q♠❡,$♦+ ■♥✐❝✐❛✐+ ✈❛❧♦$❡+

S1 ✲✵✳✾

S2 ✵✳✾

SR ✵✳✵✶

v1 ✵✳✼✷

v2 ✵✳✼✷

vR ✵✳✺

■++♦ ♣♦❞❡ +❡$ ♣❡$❝❡❜✐❞♦✱ ❛♦ +❡ ♦❜+❡$✈❛$ ♦+ ❞❛❞♦+ ❞❛ ❚❛❜❡❧❛ ✻✳✹✳ ◆❡❧❛ ♣❡$❝❡❜❡✲+❡ A✉❡

♦+ ✈❛❧♦$❡+ ❞❡ a12 ❡ a21 ❡+,=♦ ❛❝✐♠❛ ❞❡ ✶✳ ❊++❛ B ❛ ❝♦♥❞✐<=♦ ♥❡❝❡++@$✐❛ ♣❛$❛ A✉❡ ♦ ❈❛+♦

❇ +❡❥❛ ♦ $❡+✉❧,❛❞♦✳ ❆ +♦❧✉<=♦ ❛♥❛❧✐,✐❝❛✱ ❛♣$❡+❡♥,❛ ❝♦♠♦ $❡+✉❧,❛❞♦ ♦ ✈❛❧♦$✱ ❞❡ N∗

1 ❡ N∗

2 ✱

✾✼✳✸✽✳ ❖✉ +❡❥❛✱ ♦ $❡+✉❧,❛❞♦ ♣❛$❛ ✉♠❛ +✐♠✉❧❛<=♦ ❝♦♠ ❡++❡+ ✈❛❧♦$❡+ ✐♥✐❝✐❛+ ❞❡✈❡ +❡ ❡♥❝❡$$❛$

❝♦♠ ♦+ ❞♦✐+ ❣$✉♣♦+ ❝♦♠ ✾✼✳✸✽ ❛❣❡♥,❡+✳ ❆♦ +❡ ♦❜+❡$✈❛$ ♥❛ ,❛❜❡❧❛ ♦+ $❡+✉❧,❛❞♦+ ❞❡ N1 ❡

N2✱ ♣❡$❝❡❜❡✲+❡ A✉❡ ♦+ +❡✉+ ✈❛❧♦$❡+ ❡+,=♦ ✐❣✉❛✐+ ❛ ✾✼✳✸✽✳ ■++♦ ❝♦♠♣$♦✈❛ ❛ ✐♠♣❧❡♠❡♥,❛<=♦✱

♣♦✐+ ❛ +✐♠✉❧❛<=♦ ❢❡✐,❛ ❝♦♠ ♦+ ✈❛❧♦$❡+ ✐♥✐❝✐❛✐+ ❝♦$$❡+♣♦♥❞❡✉ ❛♦ $❡+✉❧,❛❞♦ ❛♥❛❧X,✐❝♦ ❢❡✐,♦

❛♥,❡$✐♦$♠❡♥,❡✳

❚❆❇❊▲❆ ✻✳✹ ✕ ❘❡+✉❧,❛❞♦+ ♣❛$❛ ♦ ❈❛+♦ ❇

P❛$Q♠❡,$♦+ ✈❛❧♦$❡+

a12 ✶✳✸✻

a21 ✶✳✸✻

N∗

1 ✾✼✳✸✽

N∗

2 ✾✼✳✸✽

N1 ✾✼✳✸✽

N2 ✾✼✳✸✽

◗✉❛♥,✐❞❛❞❡ ❞❡ ■,❡$❛<F❡+ ✷✺✾



✺✹

❚❆❇❊▲❆ ✻✳✺ ✕ *❛,-♠❡0,♦2 ■♥✐❝✐❛✐2 *❛,❛ ♦ ❈❛2♦ ❈

*❛,-♠❡0,♦2 ■♥✐❝✐❛✐2 ✈❛❧♦,❡2

S1 ✲✵✳✾

S2 ✵✳✾

SR ✵✳✵✶

v1 ✵✳✽

v2 ✵✳✷

vR ✵✳✺

❚❆❇❊▲❆ ✻✳✻ ✕ ❘❡2✉❧0❛❞♦2 ♣❛,❛ ♦ ❈❛2♦ ❈

*❛,-♠❡0,♦2 ✈❛❧♦,❡2

a12 ✵✳✹

a21 ✶✳✻

N∗

1 ✶

N∗

2 ✵

N1 ✷✵✷✻✳✾

N2 ✵

◗✉❛♥0✐❞❛❞❡ ❞❡ ■0❡,❛EF❡2 ✺✷

❖ ♣,H①✐♠♦ ❝❛2♦ ❛ 2❡, 2✐♠✉❧❛❞♦ ❢♦✐ ♦ ❈❛2♦ ❈✳ ❆2 0❛❜❡❧❛2 ✻✳✺ ❡ ✻✳✻ ,❡♣,❡2❡♥0❛♠✱ ♦2

✈❛❧♦,❡2 ✐♥✐❝✐❛✐2 ❡ ♦2 ,❡2✉❧0❛❞♦2 ♦❜0✐❞♦2✱ ,❡2♣❡❝0✐✈❛♠❡♥0❡✳

❆♥❛❧✐2❛♥❞♦ ❛ ❚❛❜❡❧❛ ✻✳✺✱ ♦❜2❡,✈❛✲2❡ M✉❡ ♦ ●,✉♣♦ ✶ ♣♦22✉✐ ✉♠❛ ♠O❞✐❛ ❞❡

❝♦♠✉♥✐❝❛❜✐❧✐❞❛❞❡ ♠❛✐♦, M✉❡ ♦ ●,✉♣♦ ✷✳ ❊22❛ ❛❧0❡,❛EP♦ ❢♦✐ ❢❡✐0❛ ♣♦✐2 ❝♦♥❤❡❝❡♥❞♦

♦ ❝♦♠♣♦,0❛♠❡♥0♦ ❞♦ ❈❛2♦ ❈✱ ❛♣❡♥❛2 ♦ ●,✉♣♦ ✶ ✐,R 2♦❜,❡✈✐✈❡,✳ *♦, ✐22♦✱ M✉❡

♣,♦♣♦2✐0❛❧♠❡♥0❡✱ ❢♦✐ ❛❞✐❝✐♦♥❛❞♦ ✉♠❛ ✈❛♥0❛❣❡♠ ♣❛,❛ ♦ ●,✉♣♦ ✶✳

❉❡✈✐❞♦ U2 ❛❧0❡,❛EF❡2 ♥♦2 ✈❛❧♦,❡2 ✐♥✐❝✐❛✐2 ❞❛ 2✐♠✉❧❛EP♦✱ ♦❜0❡✈❡✲2❡ ♦2 ,❡2✉❧0❛❞♦2

♣,❡2❡♥0❡2 ♥❛ 0❛❜❡❧❛ ✻✳✺✳ ❖2 ✈❛❧♦,❡2 ❞❡ a12 ❡ a21✱ ❝♦♥✜,♠❛♠✱ M✉❡ ♦2 ,❡2✉❧0❛❞♦2 ,❡♣,❡2❡♥0❛♠

♦ ❈❛2♦ ❈✱ ♣♦✐2 a12 ❁ ✶ ❡ a21 ❃ ✶✳

❖2 ✈❛❧♦,❡2 ❞❡ N∗

1 ❂ ✶ ❡ N∗

2 ❂✵✱ ❝♦♥✜,♠❛♠ ♦ ♣♦♥0♦ ❛0,❛0♦, 2❡♥❞♦ 2♦❜,❡ ♦ ❡✐①♦ ❞♦

●,✉♣♦ ✶✱ ❝♦♠♦ ♠♦20,❛ ♦ ❣,R✜❝♦ ✸✳✹ ❞♦ ❈❛2♦ ❈✳ ❊20❡ ❢❛0♦ ,❡♣,❡2❡♥0❛ M✉❡ ❛ 2✐♠✉❧❛EP♦✱

♦❜,✐❣❛0♦,✐❛♠❡♥0❡✱ ✐,R 0❡,♠✐♥❛, ❝♦♠ ❛♣❡♥❛2 ♦ ●,✉♣♦ ✶ ♣♦22✉✐♥❞♦ ❛❣❡♥0❡2✳

*❛,❛ ❝♦♥❝❧✉✐, ❛ ✈❡,✐✜❝❛EP♦ ❞♦ 2✐20❡♠❛✱ 2P♦ ❛♥❛❧✐2❛❞♦2 ♦2 ✈❛❧♦,❡2 ❞❡ N1 ❂ ✷✵✷✻✳✾ ❡

N2 ❂ ✵✱ ,❡♣,❡2❡♥0❛♥❞♦ ❛ 2♦❜,❡✈✐✈[♥❝✐❛ ❞♦ ●,✉♣♦ ✶ ❡ ❛ ❡①0❡,♠✐♥❛EP♦ ❞♦ ●,✉♣♦ ✷✳ ❊22❛

2✐♠✉❧❛EP♦ ❢♦✐ ❡①❡❝✉0❛❞❛✱ ❝♦♠♣✉0❛♥❞♦ ✺✷ ✐0❡,❛EF❡2 ❞❛2 ❡M✉❛EF❡2✳ *❛,❛ 2✐♠✉❧❛, ♦ ❈❛2♦

❉✱ ✐♥✈❡,0❡✉✲2❡ ❛ ✈❛♥0❛❣❡♠ ❞❛ ❝♦♠✉♥✐❝❛❜✐❧✐❞❛❞❡ ♣❛,❛ ♦ ●,✉♣♦ ✷✱ ❝♦♠♦ ♣♦❞❡ 2❡, ✈✐20♦ ♥❛

❚❛❜❡❧❛ ✻✳✼✱ ♦♥❞❡ ♦ ✈❛❧♦, ❞❡ v2 O ✐❣✉❛❧ ❛ ✵✳✽✳ ❖ ✈❛❧♦, ❢♦✐ ✐♥✈❡,0✐❞♦✱ ♣♦✐2 ♦ ❈❛2♦ ❉✱ ,❡♣,❡2❡♥0❛

♦ ♦♣♦20♦ ❞♦ ❈❛2♦ ❈✱ ♦✉ 2❡❥❛✱ ♦ ●,✉♣♦ ✷ 2❡ ♠❛♥0O♠ ❝♦♠ ❛❣❡♥0❡2 ♥♦ 2✐20❡♠❛✱ ❡♥M✉❛♥0♦ ♦

●,✉♣♦ ✶ ♣❡,❡❝❡✳

❆♣H2 ❛ 2✐♠✉❧❛EP♦ 2❡, ❡①❡❝✉0❛❞❛✱ ♦❜0❡✈❡✲2❡ ♦2 ✈❛❧♦,❡2 ❞❛ ❚❛❜❡❧❛ ✻✳✽✳ ◗✉❡ ❝♦♥✜,♠❛♠



✺✺

❚❆❇❊▲❆ ✻✳✼ ✕ *❛,-♠❡0,♦2 ■♥✐❝✐❛✐2 *❛,❛ ♦ ❈❛2♦ ❉

*❛,-♠❡0,♦2 ■♥✐❝✐❛✐2 ✈❛❧♦,❡2

S1 ✲✵✳✾

S2 ✵✳✾

SR ✵✳✵✶

v1 ✵✳✷

v2 ✵✳✾

vR ✵✳✺

❚❆❇❊▲❆ ✻✳✽ ✕ ❘❡2✉❧0❛❞♦2 ♣❛,❛ ♦ ❈❛2♦ ❉

*❛,-♠❡0,♦2 ✈❛❧♦,❡2

a12 ✶✳✼✾✼✸✹

a21 ✵✳✸✾✾✹✶

N∗

1 ✵

N∗

2 ✶

N1 ✵

N2 ✷✵✷✻✳✾

◗✉❛♥*✐❞❛❞❡ ❞❡ ■*❡/❛01❡2 ✺✷

4✉❡ ♦ 2✐2*❡♠❛ *❡✈❡ 2✉❝❡22♦ ❡♠ 2✐♠✉❧❛/ ♦ ❈❛2♦ ❉✳ ❈♦♠ ♦2 ✈❛❧♦/❡2 ❞❡ a12 ❃ ✶ ❡ a21 ❁ ✶✱

/❡♣/❡2❡♥*❛♥❞♦ ♦ ❈❛2♦ ❉✱ ❛22✐♠ ❝♦♠♦ ♦2 ✈❛❧♦/❡2 ❞❡ N∗

1 ❂ ✵ ❡ N∗

2 ❂ ✶✱ ✐♥❞✐❝❛♥❞♦ ♦ ♠❡2♠♦✳

A♦/ ✜♠✱ ♦2 ✈❛❧♦/❡2 ❞❡ N1 ❂ ✵ ❡ N2 ❂ ✷✵✷✻✳✾✱ 4✉❡ /❡♣/❡2❡♥*❛♠ ♦2 ✈❛❧♦/❡2 ✜♥❛✐2 ❣❡/❛❞♦2

♣❡❧❛2 ❡4✉❛01❡2 ❞✉/❛♥*❡ ❛ 2✐♠✉❧❛0D♦✱ ❣❛/❛♥*✐♥❞♦ ❛ ❡①*✐♥0D♦ ❞♦ ●/✉♣♦ ✶✳

✻✳✷ ◗❯❆◆❚■❋■❈❆❉❖❘❊❙

❉✉/❛♥*❡ ❛ ❡①❡❝✉0D♦ ❞❡ ✉♠❛ 2✐♠✉❧❛0D♦ ♦2 ✈❛❧♦/❡2 ❞❡ a12 ❡ a21 2D♦ ❛/♠❛③❡♥❛❞♦2✳

■22♦ H ❢❡✐*♦✱ ♣♦✐2 ❛ ❝♦♠♣❛/❛0D♦ ❞❡22❡2 ✈❛❧♦/❡2 ✐♥❢♦/♠❛♠ ❛ *❡♥❞J♥❝✐❛ ❞❛ 2✐♠✉❧❛0D♦✳ ❆♦ 2❡

♦❜2❡/✈❛/ ❡22❡2 ✈❛❧♦/❡2✱ ♣♦❞❡✲2❡ ✈❡/✐✜❝❛/ 4✉❛❧ ❣/✉♣♦ ❡2*N *❡♥❞♦ ✈❛♥*❛❣❡♠ 2♦❜/❡ ♦ ♦✉*/♦✱ ❡

♣♦/ ✐22♦ 4✉❡ ♦2 ❣/N✜❝♦2 ❞❡ ❛♥N❧✐2❡ ❞♦ ❝♦♠♣♦/*❛♠❡♥*♦ ❞❛2 2✐♠✉❧❛01❡2 2D♦ ❣❡/❛❞♦2 ❜❛2❡❛❞♦2

♥❡22❡2 ✈❛❧♦/❡2✳

◗✉❛♥❞♦ ✉♠ ❣/✉♣♦ ❡2*✐✈❡/ ❝♦♠ ♠❛✐2 ❛❣❡♥*❡2 4✉❡ ♦ ♦✉*/♦✱ ✐22♦ H ✐♥❞✐❝❛❞♦ ❛♦ 2❡

♦❜2❡/✈❛/ ♦2 ✈❛❧♦/❡2 ❞❡ a12 ❡ a21✳ ❙❡ ♦❜2❡/✈❛/♠♦2 ❛2 ❝♦♥❞✐01❡2 ❞♦2 ❈❛2♦2 ❈ ❡ ❉✱ ❛♥❛❧✐2❛❞♦2

♥♦ ❈❛♣P*✉❧♦ ✸✱ ♣❛/❛ 4✉❡ ✉♠ ❣/✉♣♦ ✈❡♥0❛ ♦ ♦✉*/♦ ♦ ✈❛❧♦/ ❞❡ a12 ✭♥♦ ❈❛2♦ ❈✮ ♦✉ a21 ✭♥♦

❈❛2♦ ❉✮ ❞❡✈❡ ❡2*❛/ ❛❜❛✐①♦ ❞❡ ✶✳ ❙❡♥❞♦ ❛22✐♠✱ ♦ ❝♦♥❥✉♥*♦ ❞❡ ❡4✉❛01❡2 ✭✻✳✶✮ ❡ ✭✻✳✷✮ ❢♦/❛♠

❞❡✜♥✐❞♦2✿

Q12 =

∑

a12

T
− 1 ✭✻✳✶✮



✺✻

Q21 =

∑

a21

T
− 1 ✭✻✳✷✮

♦♥❞❡✿

• Q12 +❡♣+❡-❡♥.❛ ♦ 0✉❛♥.✐✜❝❛❞♦+ ❞♦ ●+✉♣♦ ✶❀

• Q21 +❡♣+❡-❡♥.❛ ♦ 0✉❛♥.✐✜❝❛❞♦+ ❞♦ ●+✉♣♦ ✷❀

• a12 +❡♣+❡-❡♥.❛ ♦ ❝♦❡✜❝✐❡♥.❡ ❞❡ ❝♦♠♣❡.✐9:♦ ❞♦ ●+✉♣♦ ✶ ❡♠ +❡❧❛9:♦ ❛♦ ●+✉♣♦ ✷❀

• a21 +❡♣+❡-❡♥.❛ ♦ ❝♦❡✜❝✐❡♥.❡ ❞❡ ❝♦♠♣❡.✐9:♦ ❞♦ ●+✉♣♦ ✷ ❡♠ +❡❧❛9:♦ ❛♦ ●+✉♣♦ ✶ ❀

• T +❡♣+❡-❡♥.❛ ♦ ♥<♠❡+♦ .♦.❛❧ ❞❡ ✐.❡+❛9=❡- ❞❛ -✐♠✉❧❛9:♦✳

❆- ❡0✉❛9=❡- ✭✻✳✶✮ ❡ ✭✻✳✷✮ ❝❛❧❝✉❧❛♠ 0✉❛❧ 0✉❛♥.✐✜❝❛❞♦+ ? ♦ ♠❡♥♦+ ♥♦ ✜♥❛❧ ❞❛

-✐♠✉❧❛9:♦✳ ❈♦♠♦ ♦- ❈❛-♦- ❛♣♦♥.❛♠✱ 0✉❛♥.♦ ♠❛✐- ❞✐-.❛♥.❡ ❞♦ ✈❛❧♦+ ✶ ♠❛✐- ❝❤❛♥❝❡- ♦

❣+✉♣♦ .❡♠ ❞❡ ✈❡♥❝❡+✳ E♦+ ✐--♦ ? ❝❛❧❝✉❧❛❞♦ ❛ ♠?❞✐❛ ❞♦- ✈❛❧♦+❡- ❞❡ a12 ❡ a21 ❡ -❡ -✉❜.+❛✐ ✶
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/,♦❝❛♠ ♦ ✈❛❧♦, ❞♦ $❡✉ v✳ ◆❡$$❛ /❛❜❡❧❛ /❛♠❜;♠ ❡$/N♦ ♣,❡$❡♥/❡$ ♦$ &✉❛♥/✐✜❝❛❞♦,❡$✱

❝❛❧❝✉❧❛❞♦$ ♥♦ ✜♥❛❧ ❞❛ $✐♠✉❧❛(N♦✳ ❖$ $❡✉$ ✈❛❧♦,❡$ ❝♦♠♣,♦✈❛♠ &✉❡ ♦ ●,✉♣♦ ✶ $❡,L ♦

✈❡♥❝❡❞♦,✱ ❥L &✉❡ ♦ &✉❛♥/✐✜❝❛❞♦, Q12 ; ♠❡♥♦, &✉❡ ♦ &✉❛♥/✐✜❝❛❞♦, Q21✳

◆♦ ●,L✜❝♦ ✻✳✺✱ /❡♠✲$❡ ♦$ ✈❛❧♦,❡$ ❞♦ ♣❛,V♠❡/,♦ a12 ♥♦ ❞❡❝♦,,❡, ❞❛ $✐♠✉❧❛(N♦✳ ❊ ♦

●,L✜❝♦ ✻✳✻ ♠♦$/,❛ ♦$ ✈❛❧♦,❡$ ❞❡ a21✳ ❆ ❝♦♠♣❛,❛(N♦ ❡♥/,❡ ❡$$❡$ ✈❛❧♦,❡$ ♣♦❞❡✲$❡ ❞❡/❡,♠✐♥❛,

&✉❛❧ ❞♦$ ✹ ❝❛$♦$ $❡,✐❛ ♦ ,❡$✉❧/❛♥/❡ ❡♠ ❝❛❞❛ ✐/❡,❛(N♦✳

❏L ♦$ ●,L✜❝♦$ ✻✳✼ ❡ ✻✳✽ ❛♣,❡$❡♥/❛♠ ♦$ ✈❛❧♦,❡$ ❞❡ N1 ❡ N2✱ ,❡$♣❡❝/✐✈❛♠❡♥/❡✱ ❞✉,❛♥/❡

❛$ $✐♠✉❧❛()❡$✳ ❖❜$❡,✈❛♥❞♦ ♦$ ●,L✜❝♦$ ✻✳✺ ❡ ✻✳✻✱ ♣♦❞❡✲$❡ ♣❡,❝❡❜❡, &✉❡ ♦$ ✈❛❧♦,❡$ ❞❡ a12

$❡ ♠❛♥/✐✈❡,❛♠ ♠❛✐$ /❡♠♣♦ ❛❜❛✐①♦ ❞❡ ✶✱ ❞♦ &✉❡ ♦$ ✈❛❧♦,❡$ ❞❡ a21✳ ■$$♦ ✐♥❞✐❝❛ &✉❡ ❛ ♠❛✐♦,

♣❛,/❡ ❞♦ /❡♠♣♦ ❞❛ $✐♠✉❧❛(N♦ ♦$ ✈❛❧♦,❡$ ❢♦,❛♠ ✈L❧✐❞♦$ ♣❛,❛ ❝♦♥❞✐❝✐♦♥❛, ♦ ♦❜/❡♥(N♦ ❞♦

❈❛$♦ ❈ ❝♦♠♦ ,❡$✉❧/❛❞♦✱ ❝❛$♦ ♦♥❞❡ ♦ ●,✉♣♦ ✶ ❡❧✐♠✐♥❛ ♦ ●,✉♣♦ ✷✳ ❆❣♦,❛ ❛♥❛❧✐$❛♥❞♦ ♦$

❣,L✜❝♦$ ✸ ❡ ✹✱ ♣❡,❝❡❜❡✲$❡ &✉❡ ♦ ●,✉♣♦ ✶ /❡,♠✐♥❛ ❛ $✐♠✉❧❛(N♦ ❝♦♠ ♠❛✐$ ❛❣❡♥/❡$ &✉❡ ♦

●,✉♣♦ ✷✳ ❊ ❛ /❡♥❞C♥❝✐❛ ❞♦ ❣,L✜❝♦ ; ❛ ❞❡ &✉❡ ♦ ●,✉♣♦ ✶ ❝♦♥/✐♥✉❡ ❛ ❝,❡$❝❡, ❡♥&✉❛♥/♦ ♦

●,✉♣♦ ✷ ❝♦♥/✐♥✉❡ ♣❡,❞❡♥❞♦ ❛❣❡♥/❡$✳

❏L ❛ ❚❛❜❡❧❛ ✻✳✶✸ ❛♣,❡$❡♥/❛ ♦$ ✈❛❧♦,❡$ ♣❛,❛ ♦$ ●,L✜❝♦$ ✻✳✾✱ ✻✳✶✵✱ ✻✳✶✶ ❡ ✻✳✶✷✳ ❊$$❡$

❞❛❞♦$ ❡ ✜❣✉,❛$ ,❡♣,❡$❡♥/❛♠ ✉♠❛ ❞❛$ $✐♠✉❧❛()❡$ ❢❡✐/❛$ ♦♥❞❡ ♦$ ❛❣❡♥/❡$ ♠❛♥/✐✈❡,❛♠ ♦ $❡✉

✈❛❧♦, ❞❡ v ❞✉,❛♥/❡ /♦❞❛ ❛ $✐♠✉❧❛(N♦✳ ◆❡❧❛ ❛❣♦,❛ ♣❡,❝❡❜❡✲$❡ ♦ ♦♣♦$/♦ ❞❛ ❚❛❜❡❧❛ ✻✳✶✷✳ ❆&✉✐

♦ ✈❛❧♦, ❞♦ &✉❛♥/✐✜❝❛❞♦, Q21 ; ♠❡♥♦, &✉❡ Q12✱ ❝♦♠♣,♦✈❛♥❞♦ ❛ ✈✐/B,✐❛ ❞♦ ●,✉♣♦ ✷✳

◆❡$$❡ ❝❛$♦ ♣♦❞❡✲$❡ ♦❜$❡,✈❛,✱ ❛/,❛✈;$ ❞♦$ ●,L✜❝♦$ ✻✳✾ ❡ ✻✳✶✵✱ &✉❡ ♦ ✈❛❧♦, ❞❡ a21 ✜❝♦✉

❞✉,❛♥/❡ &✉❛$❡ /♦❞❛ ❛ $✐♠✉❧❛(N♦ ❛❜❛✐①♦ ❞♦ ✈❛❧♦, ✶✱ ❡ ♦$ ✈❛❧♦,❡$ ❞❡ a12 ♣❛$$❛,❛♠ ❞❡ ✶ ❡♠
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9❛1:♠❡=1♦/ ❱❛❧♦1❡/

❱❛❧♦1 ❞♦ ◗✉❛♥=✐✜❝❛❞♦1 Q12 ✲✵✳✵✸✷

❱❛❧♦1 ❞♦ ◗✉❛♥=✐✜❝❛❞♦1 Q21 ✲✵✳✵✺✺

❱❛❧♦1 ✜♥❛❧ ❞❡ N1 ✶✵✼

❱❛❧♦1 ✜♥❛❧ ❞❡ N2 ✶✷✸

❚♦=❛❧ ❞❡ ■=❡1❛GH❡/ ✶✶✹

❋■●❯❘❆ ✻✳✾ ✕ ●12✜❝♦ ❝♦♠ ♦/ ✈❛❧♦1❡/ ❞❡ a12 ❞✉1❛♥=❡ ❛ /✐♠✉❧❛GN♦✳

❞❡=❡1♠✐♥❛❞♦ ✐♥/=❛♥=❡ ❡ ♥N♦ =✐✈❡1❛♠ ♠❛✐/ ♦ ✈❛❧♦1 ♠❡♥♦1 O✉❡ ✶ ♣❡❧♦ 1❡/=♦ ❞❛ /✐♠✉❧❛GN♦✳ ❙❡ ❛

=❡♥❞R♥❝✐❛ ❞❡//❡ ❣12✜❝♦ ❝♦♥=✐♥✉❛1 ❡ ♦/ ✈❛❧♦1❡/ ❞❡ a12 ♥N♦ ✜❝❛1❡♠ ♠❡♥♦1❡/ O✉❡ ✶✱ ♦ 1❡/✉❧=❛❞♦

/❡ ♠❛♥=❡12✳ ◆♦/ ●12✜❝♦/ ✻✳✶✶ ❡ ✻✳✶✷✱ =❡♠✲/❡ ♦/ ✈❛❧♦1❡/ ❞❡ N1 ❡ N2✱ 1❡/♣❡❝=✐✈❛♠❡♥=❡✱ ♦♥❞❡

/❡ ❝♦♥✜1♠❛ ❛ 1❡❧❛GN♦ ❞❡ a12 ❡ a21✱ ♣♦✐/ ♦ ●1✉♣♦ ✷ =❡1♠✐♥❛ ❛ /✐♠✉❧❛GN♦ ❝♦♠ ♠❛✐/ ❛❣❡♥=❡/

O✉❡ ♦ ●1✉♣♦ ✶✳ ❆ =❡♥❞R♥❝✐❛ ❞♦/ ❣12✜❝♦/ ❛♣1❡/❡♥=❛ ✉♠ ❝1❡/❝✐♠❡♥=♦ ♠❛✐/ ❞❡/❛❝❡❧❡1❛❞♦✱ ❡♠

1❡❧❛GN♦ ❛♦ ✐♥U❝✐♦ ❞❛ /✐♠✉❧❛GN♦✱ ♥❛ O✉❛♥=✐❞❛❞❡ ❞❡ ❛❣❡♥=❡/ ❞♦ ●1✉♣♦ ✷✳ ❈♦♥/❡OW❡♥=❡♠❡♥=❡

♦❝♦11❡ ✉♠❛ 1❡❞✉GN♦ ♥♦/ ❛❣❡♥=❡/ ❞♦ ●1✉♣♦ ✶✳

✻✳✸✳✷ ❘❡&✉❧)❛❞♦& ❜❛&❡❛❞♦& ♥♦& ✈❛❧♦0❡& ✐♥✐❝✐❛✐& ❞♦ ❈❛&♦ ❇

◆❡//❛ /❡GN♦✱ /N♦ ❢❡✐=❛/ /✐♠✉❧❛GH❡/ ✉=✐❧✐③❛♥❞♦ ❛♣❡♥❛/ ❛ ❋❛/❡ ✷ ❡ ✉=✐❧✐③❛♥❞♦ ♦/

♣❛1:♠❡=1♦/ ✐♥✐❝✐❛✐/ O✉❡ ❣❡1❛♠ ♦ ❈❛/♦ ❇ ❝♦♠♦ 1❡/✉❧=❛❞♦ ❛♥❛❧U=✐❝♦✳ ❆ ❚❛❜❡❧❛ ✻✳✶✹ ❛♣1❡/❡♥=❛
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❋■●❯❘❆ ✻✳✶✷ ✕ ●,-✜❝♦ ❝♦♠ ♦2 ✈❛❧♦,❡2 ❞❡ N2 ❞✉,❛♥:❡ ❛ 2✐♠✉❧❛<=♦✳

❛2 ❡2:❛:>2:✐❝❛2 ❞❡ :♦❞❛2 ❛2 2✐♠✉❧❛<?❡2 ❢❡✐:❛2✱ B✉❛♥❞♦ ♦ ♣❛,D♠❡:,♦ v ❞♦2 ❛❣❡♥:❡2 F :,♦❝❛❞♦

B✉❛♥❞♦ ❡❧❡ ♣❛22❛ ❛ ✐♥:❡❣,❛, ♦✉:,♦ ❣,✉♣♦✳ ❈♦♠ ❡22❛2 ❝♦♥❞✐<?❡2✱ ♦2 ,❡2✉❧:❛❞♦2 ♦❜:✐❞♦2

❛♣,❡2❡♥:❛♠ B✉❡ ❛❧F♠ ❞♦ ❈❛2♦ ❇ ♦❝♦,,❡,✱ ♦2 ❝❛2♦2 ❈ ❡ ❉ :❛♠❜F♠ ♣❛22❛♠ ❛ ❛❝♦♥:❡❝❡,✳

❆♦ 2❡ ,❡2✉❧:❛, ♥♦2 ❝❛2♦2 ❈ ❡ ❉✱ F ♣♦22>✈❡❧ B✉❡ ❛♠❜♦2 ♦2 ❣,✉♣♦2 2❡❥❛♠ ✈❡♥❝❡❞♦,❡2✳

❊22❛ ❝♦♥❞✐<=♦✱ ❝♦♥✜,♠❛❞❛ ♣❡❧❛ ♣♦,❝❡♥:❛❣❡♠ ❞❡ ✹✺✪ ❞❡ ✈✐:P,✐❛ ♣❛,❛ ♦ ●,✉♣♦ ✶ ❡ ♣❛,❛ ♦

●,✉♣♦ ✷✳ ❆❧F♠ ❞✐22♦✱ ❢♦✐ ♣♦22>✈❡❧ ♦❜:❡, ❡♠♣❛:❡2 ❡♠ ❛❧❣✉♠❛2 2✐♠✉❧❛<?❡2✳

❯♠ ♣♦♥:♦ ❛ 2❡ ❞❡2:❛❝❛, ♥❡22❛2 2✐♠✉❧❛<?❡2✱ F ♦ ❢❛:♦ ❞❡ B✉❡ ♦ ❈Q✸ ❢♦✐ ✉:✐❧✐③❛❞♦ ♥❛

♠❛✐♦,✐❛ ❞❛2 2✐♠✉❧❛<?❡2✳ ❖✉ 2❡❥❛✱ ✼✵✪ ❞❛2 2✐♠✉❧❛<?❡2 ❧❡✈❛,❛♠ ♠❛✐2 ❞❡ ✺✵✵✵ ✐:❡,❛<?❡2 ♣❛,❛

2❡ ❝♦♥❝❧✉✐,❡♠✳ ■♥❞✐❝❛♥❞♦ ✉♠ ❛❧:♦ ♥>✈❡❧ ❞❡ ❝♦♠♣❡:✐:✐✈✐❞❛❞❡ ❡♥:,❡ ♦2 ❣,✉♣♦2✳

◆❛ ❚❛❜❡❧❛ ✻✳✶✺✱ ❡2:=♦ ♣,❡2❡♥:❡ ❛2 ❡2:❛:>2:✐❝❛2 ❞❛2 2✐♠✉❧❛<?❡2 ♦♥❞❡ ♦ ♣❛,D♠❡:,♦ v ❞♦2

❛❣❡♥:❡2 2❡ ♠❛♥:F♠ ❡♠ ✵✳✺✱ ♠❡2♠♦ ❛♣P2 ❛ :,♦❝❛ ❞❡ ❣,✉♣♦2✳ ❖2 ,❡2✉❧:❛❞♦2 ❞❡22❛2 2✐♠✉❧❛<?❡2

❢♦,❛♠ ❜❡♠ 2✐♠✐❧❛,❡2 ❛♦2 ❛♥:❡,✐♦,❡2✱ ♣♦,F♠ ♦✉✈❡ ✉♠ ❝,❡2❝✐♠❡♥:♦ ♥❛ ♣♦,❝❡♥:❛❣❡♠ ❞❡

❡♠♣❛:❡✱ ❛❣♦,❛ ❡♠ ✷✵✪✳ ❊ ♥=♦ ♦❝♦,,❡✉ ♥❡♥❤✉♠ ❈Q✸ ❞✉,❛♥:❡ ❡22❛2 2✐♠✉❧❛<?❡2✱ ,❡❞✉③✐♥❞♦

❛ ♠F❞✐❛ ❞❡ ✐:❡,❛<?❡2 ♣♦, 2✐♠✉❧❛<?❡2 ♣❛,❛ ✸✷✺ ✐:❡,❛<?❡2✳
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✶✻✻✸

✉♠❛ ❞✐❢❡;❡♥7❛ ♥❛ L✉❛♥-✐❞❛❞❡ ✐♥✐❝✐❛❧ ❞❡ ❛❣❡♥-❡, ❡♥-;❡ ♦, ❣;✉♣♦,✱ ♦, L✉❛♥-✐✜❝❛❞♦;❡, ♥K♦

✈K♦ ❡,-❛; ✶✵✵✪ ❝♦;;❡-♦,✳

:❛;❛ ❡,,❛ ❡-❛♣❛✱ ,❡ ;❡,,❛❧-❛ L✉❡ ♠❡,♠♦ ❝♦♠ ✉♠❛ ❞✐❢❡;❡♥7❛ ✐♥✐❝✐❛❧ ❡♥-;❡ ♦, ❞♦✐,

❣;✉♣♦,✱ ❛♠❜♦, ♣♦,,✉❡♠ ❝❤❛♥❝❡ ❞❡ ❞❡;;♦-❛; ♦ ♦✉-;♦✱ ,❡❥❛ ✐♥✐❝✐❛♥❞♦ ❝♦♠ ✈❛♥-❛❣❡♠ ♦✉

❞❡,✈❛♥-❛❣❡♠✳

✻✳✹✳✶✳✷ ❊&❛♣❛ ✷✿ ❈♦♠ ❋❛.❡ ✸

◆❡,,❛ ,❡7K♦ ,K♦ ❛♣;❡,❡♥-❛❞♦, ♦, ;❡,✉❧-❛❞♦, ♦❜-✐❞♦, ❞❛, ,✐♠✉❧❛78❡, ♦♥❞❡ ❛ ❋❛,❡ ✸

❡,-Y ❛❝✐♦♥❛❞❛✳ ◆❡,,❛ ❡-❛♣❛✱ ♦, ❣;✉♣♦, ♥K♦ ,K♦ ❞❡-❡♠✐♥❛❞♦, ❛♣❡♥❛, ♣❡❧❛, ❡L✉❛78❡, ✭✸✳✸✮ ❡

✭✸✳✹✮✱ ♠❛, -❛♠❜A♠ ♣❡❧❛, ✐♥-❡;❛78❡, ✐♥❞✐✈✐❞✉❛✐, ❞❡ ❝❛❞❛ ❛❣❡♥-❡ ♣;❡,❡♥-❡ ♥♦ ,✐,-❡♠❛✳ ❊,,❛,

,✐♠✉❧❛78❡, ❢♦;❛♠ ❢❡✐-❛, ❝♦♠ ❛, ♠❡,♠❛, ❞❡✜♥✐78❡, ✐♥✐❝✐❛✐, L✉❡ ❛, ,✐♠✉❧❛78❡, ❞❛ ,❡7K♦

❛♥-❡;✐♦;✱ ♣❛;❛ L✉❡ ❛,,✐♠ ♣♦,,❛ ,❡; ♣♦,,/✈❡❧ ❛♥❛❧✐,❛; L✉❡ -✐♣♦ ❞❡ ✐♥✢✉]♥❝✐❛ ❛ ❋❛,❡ ✸ ✐;Y

❝❛✉,❛; ♥♦ ,✐,-❡♠❛✳

◗✉❛♥-✐❞❛❞❡ ■♥✐❝✐❛❧ ✶✺✲✶✷
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,❡; ♣❡;❝❡❜✐❞♦ ♥❛ ❚❛❜❡❧❛ ✻✳✸✶✳
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❞❡ ✐-❡;❛78❡, ♥❛, ,✐♠✉❧❛78❡,✳ ❆♥-❡;✐♦;♠❡♥-❡ ❤❛✈✐❛ ✉♠❛ ♠A❞✐❛ ,✉♣❡;✐♦; ❛ ✶✵✵✵ ✐-❡;❛78❡,✱

❛❣♦;❛ ❞❡✈✐❞♦ _ ❋❛,❡ ✸✱ ❡,,❛ ♠A❞✐❛ ❝❛✐ ♣❛;❛ ❝❡;❝❛ ❞❡ ✶✵✵✳ ❖✉ ,❡❥❛✱ ❛❧A♠ ❞❛ ❋❛,❡ ✸ ✐♥-❡♥,✐✜❝❛;

♦ ♣♦❞❡; ❞❛ ✈❛♥-❛❣❡♠ ♥✉♠A;✐❝❛✱ ✐♥-❡♥,✐✜❝♦✉ -❛♠❜A♠ ❛ ✈❡❧♦❝✐❞❛❞❡ ❡♠ L✉❡ ✉♠ ❣;✉♣♦ A ❝❛♣❛③

❞❡ ❡❧✐♠✐♥❛; ♦ ♦✉-;♦✳

❖, ❣;]✜❝♦,✱ ♣;❡,❡♥-❡, ♥❛, ❋✐❣✉;❛, ✻✳✸✸ ❡ ✻✳✸✹✱ ♠♦,-;❛♠ ♦ ❝♦♠♣♦;-❛♠❡♥-♦ ❣❡;❛❞♦

❡♠ -♦❞❛, ❛, ,✐♠✉❧❛78❡, ❢❡✐-❛, ❝♦♠ ❡,,❛ ❞✐,♣♦,✐7K♦ ❞❡ ✈❛❧♦;❡, ✐♥✐❝✐❛✐,✳ :♦❞❡✲,❡ ♦❜,❡;✈❛;

L✉❡ ♦, ✈❛❧♦;❡, ❞❡ a12 ,❡ ♠❛♥-b♠ ♥❛ ♠❛✐♦; ♣❛;-❡ ❞♦ -❡♠♣♦ ❛❜❛✐①♦ ❞❡ ✶✱ ❡ ♦, ✈❛❧♦;❡, ❞❡ a21✱

❛❝✐♠❛ ❞❡ ✶✳ ❖ ;❡,✉❧-❛❞♦ ❞❡,,❛ ❞✐,-;✐❜✉✐7K♦ ❞❡ ✈❛❧♦;❡, A ❛ ✈✐-[;✐❛ ❞♦ ●;✉♣♦ ✶✱ ❝♦♠♦ ♣♦❞❡

,❡; ✈✐,-♦ ♥❛, ❋✐❣✉;❛, ✻✳✸✺ ❡ ✻✳✸✻✱ ♦♥❞❡ ♣❡;❝❡❜❡✲,❡ L✉❡ ♦ ●;✉♣♦ ✶ -❡;♠✐♥❛ ❛ ,✐♠✉❧❛7K♦ ❝♦♠

♠❛✐, ❞❡ ✶✸✵ ❛❣❡♥-❡, ❡ ♦ ●;✉♣♦ ✷ ❝♦♠ ♠❡♥♦, ❞❡ ✶✵✵ ❛❣❡♥-❡,✳

◗✉❛♥-✐❞❛❞❡ ■♥✐❝✐❛❧ ✶✺✲✶✸

❆♣[, ✈❡;✐✜❝❛; L✉❡ ❛ ❞✐❢❡;❡♥7❛ ✐♥✐❝✐❛❧ ❞❡ ✸ ❛❣❡♥-❡, ❢♦✐ ❝;✉❝✐❛❧ ♣❛;❛ L✉❡ ♦ ❣;✉♣♦ ❝♦♠ ❛

✈❛♥-❛❣❡♠ ,❡♠♣;❡ ✈❡♥❝❡,,❡✱ ♦ ♣;[①✐♠♦ ♣❛,,♦ A ;❡❞✉③✐; ❡,,❛ ✈❛♥-❛❣❡♠ ❛-A ❞❡,❝♦❜;✐; ♦ ♣♦♥-♦
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,❛❜❡❧❛ ✻✳✸✹ ✭■◆❚❊❘◆❆❈■❖◆❆▲✱ ✷✵✶✷✮✱ K✉❡ ❛♣#❡%❡♥,❛ ❛ K✉❛♥,✐❞❛❞❡ ❞❡ %$❝✐♦% ✐♥%❝#✐,♦% ♥♦

♣❡#R♦❞♦✱ ❛%%✐♠ ❝♦♠♦ ❛ K✉❛♥,✐❞❛❞❡ ,♦,❛❧ ❞❡ %$❝✐♦% ♥♦ ✜♥❛❧ ❞♦ ♣❡#R♦❞♦✳

❚❆❇❊▲❆ ✻✳✸✹ ✕ ❘❡❧❛BN♦ ❞❡ ♥♦✈♦% %$❝✐♦%

❆♥♦ ❈#❡%❝✐♠❡♥,♦ ❞❡ ♥♦✈♦% %$❝✐♦% ❚♦,❛❧ ❞❡ %$❝✐♦% ♥♦ ❛♥♦

✷✵✵✺ ✸✳✾✵✻ ✶✸✳✹✻✵

✷✵✵✻ ✶✼✳✾✽✷ ✸✶✳✹✹✷

❆ ,❛❜❡❧❛ ✻✳✸✹ ♠♦%,#❛ K✉❡ ♥♦ ❛♥♦ ❞❡ ✷✵✵✺✱ ❛♥♦ ❡♠ K✉❡ ♦ ❙♣♦#, ❈❧✉❜ ■♥,❡#♥❛❝✐♦♥❛❧
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♥#♦ ♦❜&❡✈❡ ♥❡♥❤✉♠ ❞♦- ❞♦✐- &/&✉❧♦- ❝✐&❛❞♦- ❛♥&❡3✐♦3♠❡♥&❡✱ ❛ 5✉❛♥&✐❞❛❞❡ ❞❡ -6❝✐♦- ✐♥-❝3✐&♦-

❢♦✐ ❞❡ ❛♣❡♥❛- ✸✳✾✵✻ ♣❡--♦❛-✱ &♦&❛❧✐③❛♥❞♦ ♥♦ ✜♥❛❧ ❞♦ ❛♥♦ ❞❡ ✷✵✵✺ ✶✸✳✹✻✵ -6❝✐♦-✳

❆❣♦3❛ ♥♦ ❛♥♦ ❞❡ ✷✵✵✻✱ ❛♥♦ ❞❛ ❞✉♣❧❛ ❝♦♥5✉✐-&❛ ❞❡ &/&✉❧♦-✱ ♦ ❙♣♦3& ❈❧✉❜ ■♥&❡3♥❛❝✐♦♥❛❧

♦❜&❡✈❡ ✉♠ ❝3❡-❝✐♠❡♥&♦ ❝♦♥-✐❞❡3G✈❡❧✱ ♦♥❞❡ ✶✼✳✾✽✷ ♣❡--♦❛- -❡ ❛--♦❝✐❛3❛♠ ❛♦ ❝❧✉❜❡✳ ❖✉ -❡❥❛✱

♠❛✐- ❞❡ ✶✵✵✪ ❞❛ 5✉❛♥&✐❞❛❞❡ &♦&❛❧ ❞❡ -6❝✐♦- 5✉❡ ♦ &✐♠❡ ♣♦--✉/❛✱ &♦&❛❧✐③❛♥❞♦✱ ♥♦ ✜♥❛❧ ❞❡

✷✵✵✻✱ ❛ 5✉❛♥&✐❞❛❞❡ ❞❡ ✸✶✳✹✹✷ -6❝✐♦- ✐♥-❝3✐&♦-✳

❆❧M♠ ❞♦ 6&✐♠♦ ❞❡-❡♠♣❡♥❤♦ ❞♦ &✐♠❡ ❞✉3❛♥&❡ ❛- ❞✉❛- ❝♦♠♣❡&✐NO❡-✱ ❢♦3❛♠ ❢❡✐&❛-

❞✐✈❡3-❛- ❝❛♠♣❛♥❤❛- ❞❡ ♣✉❜❧✐❝✐❞❛❞❡ ♣❡❧♦ ❡-&❛❞♦ ❞♦ ❘✐♦ ●3❛♥❞❡ ❞♦ ❙✉❧✱ ❜❛-❡❛❞❛- ♥♦- ❢❡✐&♦-

❞♦ &✐♠❡✳

❈♦♠ ❜❛-❡ ♥❛- -✐♠✉❧❛NO❡- ♦❜&✐❞❛- ♥❡--❡ &3❛❜❛❧❤♦✱ ❛♦ -❡ ❝♦♥-✐❞❡3❛3 5✉❡ ✉♠ ❞♦-

❣3✉♣♦- ❢♦--❡ ✉♠ &✐♠❡ ❞❡ ❢✉&❡❜♦❧✱ ❛ -✉❛ ♠♦❜✐❧✐③❛N#♦ ✭v✮ -❡3✐❛ ✉♠ ✈❛❧♦3 5✉❡ ❝♦♥&❡♠♣❧❛3✐❛

♣3♦♣❛❣❛♥❞❛- ♣✉❜❧✐❝✐&G3✐❛- ❡ ♦ ❞❡-❡♠♣❡♥❤♦ ❞♦ &✐♠❡ ❞✉3❛♥&❡ ❛- ❝♦♠♣❡&✐NO❡-✳ ❙❡♥❞♦ ❛--✐♠✱

❡--❛- ❞✉❛- ❝♦♠♣❡&✐NO❡- ❝✐&❛❞❛- -❡3✐❛♠ ❝♦♥-✐❞❡3❛❞❛- ♦- ♠❛✐♦3❡- ✈❛❧♦3❡- ♣♦--/✈❡✐- ♣❛3❛ ♦

✈❛❧♦3 ❞❡ ♠♦❜✐❧✐③❛N#♦✱ 3❡-✉❧&❛♥❞♦ ❡♠ ✉♠ 3❡-✉❧&❛❞♦ ❜❛-&❛♥&❡ ❢❛✈♦3G✈❡❧ ♣❛3❛ ♦ ❣3✉♣♦ 5✉❡ ♦-

♦❜&✐✈❡--❡♠✳

❆--✐♠ ❝♦♠♦ ♦ ♣3✐♠❡✐3♦ ✐♥❞/❝✐♦✱ ❡--❡- T❧&✐♠♦- ✐♥❞/❝✐♦- ❛♣♦♥&❛♠ ♦✉&3❛- -✐&✉❛NO❡-

♦♥❞❡ ❣3✉♣♦- ❡♠ ❞❡-✈❛♥&❛❣❡♠ ❝♦♥-❡❣✉❡♠ -✉♣❡3❛3 ❛ ❞✐✜❝✉❧❞❛❞❡ ✐♥✐❝✐❛❧ ❡ -✉♣❡3❛3 ♦ ❣3✉♣♦

❛❞✈❡3-G3✐♦✳

✻✳✹✳✷ ❱❛&✐❛♥❞♦ ❛ ■♥✢✉.♥❝✐❛ ❞♦0 ❆❣❡♥4❡0

❆♣6- -❡ ✈❡3✐✜❝❛3 5✉❛❧ ♦ ❡❢❡✐&♦ ❞❛ ❋❛-❡ ✸ ❛❝✐♦♥❛❞❛ ❞✉3❛♥&❡ ❛- -✐♠✉❧❛NO❡- ❡ &❡-&❛3 ❡--❡

❡❢❡✐&♦ ❡♠ ❣3✉♣♦- ❞❡-❡5✉✐❧✐❜3❛❞♦-✱ -❡❣✉✐✉✲-❡ ♣❛3❛ ❛ ♣36①✐♠❛ ❡&❛♣❛✳ ◆❡--❛ -❡N#♦✱ ♦- ❣3✉♣♦-

✈♦❧&❛♠ ❛ ✜❝❛3 ❡5✉✐❧✐❜3❛❞♦- ♥♦ ✐♥/❝✐♦ ❞❛ -✐♠✉❧❛N#♦✱ ♦✉ -❡❥❛✱ ♥❡--❛- -✐♠✉❧❛NO❡- ♦- ❣3✉♣♦-

❡-&❛3#♦ -❡ ❡♥❢3❡♥&❛♥❞♦ ♥❛- ♠❡-♠❛- ❝♦♥❞✐NO❡-✳ ❖ ●3✉♣♦ ✶ ✐3G ✐♥✐❝✐❛3 ❝♦♠ ✶✺ ❛❣❡♥&❡- ❛--✐♠

❝♦♠♦ ♦ ●3✉♣♦ ✷✳ ❖ 5✉❡ ✐3G ✈❛3✐❛3 ♥❡--❛ ❡&❛♣❛ M ❛ G3❡❛ ❞❡ ✐♥✢✉Z♥❝✐❛ ❞❡ ❝❛❞❛ ❛❣❡♥&❡✳ ❚♦❞❛-

❛- -✐♠✉❧❛NO❡- ❢❡✐&❛- ❛&M ♦ ♠♦♠❡♥&♦✱ ❝♦♥&❡♠♣❧❛♠ ✉♠❛ G3❡❛ ❞❡ ✐♥✢✉Z♥❝✐❛ ♠❛✐♦3 5✉❡ ❛ G3❡❛

✐♥❞✐✈✐❞✉❛❧ ❞❡ ❝❛❞❛ ❛❣❡♥&❡✳ ❈♦♠♦ ♣♦❞❡ -❡3 ✈✐-&♦ ♥❛ ❋✐❣✉3❛ ✻✳✹✶ ✭❆✮✱ ♦ ❝/3❝✉❧♦ ❛♦ 3❡❞♦3

❞♦ ❛❣❡♥&❡ 3❡♣3❡-❡♥&❛ ❛ -✉❛ G3❡❛ ❞❡ ✐♥✢✉Z♥❝✐❛✳ ◆❛ ♣❛3&❡ ✭❆✮✱ ❡--❛ G3❡❛ ❞❡ ✐♥✢✉Z♥❝✐❛ M

♠❛✐♦3 5✉❡ G3❡❛ ✐♥❞✐✈✐❞✉❛❧ ❞❡ ❝❛❞❛ ❛❣❡♥&❡✱ ♥❛ ♣❛3&❡ ✭❇✮ ❡❧❛ ♣♦--✉✐ ✉♠❛ G3❡❛ ✐❣✉❛❧ ❛ G3❡❛

✐♥❞✐✈✐❞✉❛❧ ❡ ♥❛ ♣❛3&❡ ✭❈✮✱ 3❡♣3❡-❡♥&❛ ✉♠❛ G3❡❛ ✐♥❢❡3✐♦3 ❛ G3❡❛ ✐♥❞✐✈✐❞✉❛❧✳

❆ G3❡❛ ✐♥❞✐✈✐❞✉❛❧ ❞❡ ❝❛❞❛ ❛❣❡♥&❡ M ❡-&✐♣✉❧❛❞❛ ❞❡ ❛❝♦3❞♦ ❝♦♠ ❛ ❡5✉❛N#♦ ✭✻✳✸✮✳ ❖✉

-❡❥❛✱ ❞✐✈✐❞❡✲-❡ ❛ G3❡❛ &♦&❛❧ ❞♦ -✐-&❡♠❛ ♣❡❧♦ ♥T♠❡3♦ &♦&❛❧ ❞❡ ❛❣❡♥&❡-✳

Aind =
Atot

NT

, ✭✻✳✸✮

♦♥❞❡✿

• Aind 3❡♣3❡-❡♥&❛ ❛ G3❡❛ ✐♥❞✐✈✐❞✉❛❧ ❞❡ ❝❛❞❛ ❛❣❡♥&❡❀

• Atot 3❡♣3❡-❡♥&❛ ❛ G3❡❛ &♦&❛❧ ❞♦ -✐-&❡♠❛❀
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• NT #❡♣#❡&❡♥(❛ ♦ ♥+♠❡#♦ (♦(❛❧ ❞❡ ❛❣❡♥(❡& ♥♦ &✐&(❡♠❛✳

✻✳✹✳✷✳✶ ■♥✢✉)♥❝✐❛ ❝♦♠ /❛♠❛♥❤♦ ▼❛✐♦2 3✉❡ ❛ ➪2❡❛ ■♥❞✐✈✐❞✉❛❧ ❞♦9 ❆❣❡♥/❡9

❆ ♣#✐♠❡✐#❛ ♣❛#(❡ ❞❡&&❛ &❡34♦ ❛♣#❡&❡♥(❛ ♦& #❡&✉❧(❛❞♦& ♦❜(✐❞♦& ♥❛& &✐♠✉❧❛37❡& ♦♥❞❡

❛ 8#❡❛ ❞❡ ✐♥✢✉:♥❝✐❛ ❞♦& ❛❣❡♥(❡& < ♠❛✐♦# =✉❡ ❛ 8#❡❛ ✐♥❞✐✈✐❞✉❛❧ ❞❡ ❝❛❞❛ ❛❣❡♥(❡✳ ◆❡&&❡

❝❛&♦ < ♣♦&&@✈❡❧ ✈❡#✐✜❝❛# =✉❡ ♦& ❣#✉♣♦& &❡ ♠❛♥(:♠ ❡♠ ❡=✉✐❧@❜#✐♦✱ ♦ ●#✉♣♦ ✶ ♣♦&&✉✐ ✉♠❛

♣♦#❝❡♥(❛❣❡♠ ❞❡ ✈✐(D#✐❛ ❞❡ ✹✺✪ ❡ ♦ ●#✉♣♦ ✷ ❞❡ ✺✺✪✳ ◆♦ ❝❛&♦ ❞❡ ♥4♦ (❡# ♦❝♦##✐❞♦ ♥❡♥❤✉♠

❡♠♣❛(❡✱ ♦& =✉❛♥(✐✜❝❛❞♦#❡& ✐#4♦ &❡♠♣#❡ ❛♣#❡&❡♥(❛# ✉♠❛ (❛①❛ ❞❡ ✈❛❧✐❞❛34♦ ❞❡ ✶✵✵✪✳

❚❆❇❊▲❆ ✻✳✸✺ ✕ ❊&(❛(@&(✐❝❛& ❞❛& ❙✐♠✉❧❛37❡&

R❛#S♠❡(#♦& ❱❛❧♦#❡&

R♦#❝❡♥(❛❣❡♠ ♠<❞✐❛ ❞♦&

❈❛&♦& #❡&✉❧(❛♥(❡&

❆ ❂ ✸✺✳✼✾✪ ❇ ❂ ✵✪ ❈ ❂ ✷✶✳✻✵✪ ❉ ❂ ✹✷✳✻✶✪

R♦#❝❡♥(❛❣❡♠ ♠<❞✐❛

❞❛ ✈❛❧✐❞❛34♦ ❞♦&

=✉❛♥(✐✜❝❛❞♦#❡&

❈♦♥✜#♠❛❞♦& ❂ ✶✵✵✪ ◆4♦ ❈♦♥✜#♠❛❞♦& ❂ ✵✪

R♦#❝❡♥(❛❣❡♠ ♠<❞✐❛

❞♦& ❝#✐(<#✐♦& ❞❡ ♣❛#❛❞❛

✉(✐❧✐③❛❞♦&

❈R✶ ❂ ✶✵✵✪ ❈R✷ ❂ ✵✪ ❈R✸ ❂ ✵✪ ❈R✹ ❂ ✵✪

R♦#❝❡♥(❛❣❡♠ ♠<❞✐❛ ❞♦

❣#✉♣♦ ✈❡♥❝❡❞♦#

●#✉♣♦ ✶ ❂ ✹✺✪ ●#✉♣♦ ✷ ❂ ✺✺✪ ❊♠♣❛(❡ ❂ ✵✪

❱❛❧♦# ♠<❞✐♦ ❞❡

✐(❡#❛37❡& ♥❛&

&✐♠✉❧❛37❡&

✹✹✹

◗✉❛♥❞♦ < ❢❡✐(❛ ✉♠❛ &✐♠✉❧❛34♦ ♦♥❞❡ ♦& ❞♦✐& ❣#✉♣♦& &❡ ✐♥✐❝✐❛♠ ❡♠ ❡=✉✐❧@❜#✐♦✱ ❡ (♦❞♦&
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